
�

�

Guyer: Nonlinear Mesoscopic Elasticity — 2009/7/16 — 15:29 — page V — le-tex

�

�

�

�

�

�

V

Contents

Preface XI

Acknowledgements XIII

1 Introduction 1
1.1 Systems 1
1.2 Examples of Phenomena 4
1.3 The Domain of Exploration 6
1.4 Outline 7

References 8

2 Microscopic/Macroscopic Formulation of the Traditional Theory
of Linear and Nonlinear Elasticity 11

2.1 Prefatory Remarks 12
2.2 From Microscopic to Continuum 13
2.2.1 A Microscopic Description 13
2.2.1.1 Microscopic Energy and Microscopic Strain 13
2.2.1.2 Phonons 16
2.2.2 Microscopic Description and Thermodynamics 20
2.2.2.1 The Quasiharmonic Approximation, in Principle 20
2.2.2.2 The Quasiharmonic Approximation to F 22
2.2.3 From Microscopic Model to Continuum Elasticity 24
2.3 Continuum Elasticity and Macroscopic Phenomenology 29
2.3.1 Displacement, Strain, and Stress 29
2.3.2 Dynamics of the Displacement Field 31
2.3.3 Coupling Continuum Elasticity to Auxiliary Fields 32
2.3.4 Inhomogeneous Elastic Systems 32
2.4 Thermodynamics 33
2.4.1 Thermodynamic Derivatives 33
2.4.2 Series Expansion for ES 33
2.4.3 Series Expansion for EZ 34
2.4.4 Series Expansion for FT 35
2.4.5 Assemble the Pieces 36
2.5 Energy Scales 37

Nonlinear Mesoscopic Elasticity: The Complex Behaviour of Granular Media
including Rocks and Soil. Robert A. Guyer and Paul A. Johnson
Copyright © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40703-3



�

�

Guyer: Nonlinear Mesoscopic Elasticity — 2009/7/16 — 15:29 — page VI — le-tex

�

�

�

�

�

�

VI Contents

References 38

3 Traditional Theory of Nonlinear Elasticity, Results 39
3.1 Quasistatic Response; Linear and Nonlinear 41
3.1.1 Quasistatic Response; Linear 41
3.1.2 Quasistatic Response; Nonlinear 42
3.2 Dynamic Response; Linear 44
3.3 Quasistatic/Dynamic Response; Nonlinear 45
3.4 Dynamic Response; Nonlinear 47
3.4.1 Basic Equations 47
3.4.2 Wave Propagation 48
3.4.2.1 l + l → l 48
3.4.2.2 t + t → l and l + t → t 51
3.4.2.3 l + l + l → l , l + 2l → l and more 52
3.4.3 Resonant Bar 55
3.4.3.1 l + l + l → l 55
3.4.3.2 l + t → t 57
3.5 Exotic Response; Nonlinear 59
3.6 Green Functions 64
3.6.1 Green Function, Free Space 64
3.6.2 Green Function, Resonant Bar 65

References 67

4 Mesoscopic Elastic Elements
and Macroscopic Equations of State 69

4.1 Background 69
4.2 Elastic Elements 70
4.2.1 Hertz–Mindlin Contacts 70
4.2.2 Hysteretic Hertzian Contacts 72
4.2.3 Hertzian Asperities 72
4.2.4 Van der Waals Surfaces 73
4.2.5 Other 75
4.3 Effective Medium Theory 76
4.4 Equations of State; Examples 83
4.4.1 Hertzian Contacts 83
4.4.2 Van der Waals Surfaces 87
4.4.3 Generalization and Caveats 94

References 95

5 Auxiliary Fields 97
5.1 Temperature 97
5.2 Saturation 102
5.2.1 Saturation/Strain Coupling 102
5.2.2 Saturation/Strain Response 108
5.3 The Conditioning Field, X 112

References 112



�

�

Guyer: Nonlinear Mesoscopic Elasticity — 2009/7/16 — 15:29 — page VII — le-tex

�

�

�

�

�

�

Contents VII

6 Hysteretic Elastic Elements 113
6.1 Finite Displacement Elastic Elements; Quasistatic Response 113
6.1.1 Finite Displacement Elastic Elements: The Model 113
6.1.2 Finite Displacement Elastic Element:

Implementing the Model 116
6.2 Finite Displacement Elastic Elements: Inversion 122
6.3 Finite Displacement Elastic Elements: Dynamic Response 122
6.3.1 Finite Displacement Elastic Element: Resonant Bar 123
6.3.1.1 Lumped Element Model 123
6.3.1.2 Stress-Strain for Finite Displacement Elastic Element 125
6.3.1.3 Resonant Bar Response 126
6.3.2 Finite Displacement Elastic Element: Wave Mixing 130
6.4 Models with Hysteresis 136
6.5 Summary 136
6.6 Models with Hysteresis, Detail 137
6.6.1 Hertzian Contacts 137
6.6.1.1 The Mindlin Model; Shear Contact with Friction 137
6.6.1.2 An fcc Lattice of Hertz–Mindlin Contacts 138
6.6.2 The Masing Rules 139
6.6.3 The Endochronic Formalism 141

References 144

7 The Dynamics of Elastic Systems; Fast and Slow 145
7.1 Fast/Slow Linear Dynamics 145
7.1.1 Quasistatic Response 146
7.1.2 AC Response 149
7.2 Fast Nonlinear Dynamics 153
7.3 Auxiliary Fields and Slow Dynamics 158
7.3.1 X = The Conditioning Field 159
7.3.2 X = Temperature 162
7.4 Summary 163

References 165

8 Q and Issues of Data Modeling/Analysis 167
8.1 Attenuation in Linear Elastic Systems 168
8.1.1 Wave Vector Dispersion 168
8.1.2 Extracting Elastic Energy 168
8.1.3 Other 169
8.2 Nonlinear Attenuation 170
8.2.1 Nonlinear Dampling: Traditional Theory 170
8.2.2 Nonlinear Damping: Hysteretic Elasticity 171
8.3 Why Measure Q? 171
8.4 How to Measure Q 172
8.4.1 Measurement of Q in a Linear System 172
8.4.2 Measurement of Q in a Nonlinear System 174
8.5 Resonant Bar Revisited 176



�

�

Guyer: Nonlinear Mesoscopic Elasticity — 2009/7/16 — 15:29 — page VIII — le-tex

�

�

�

�

�

�

VIII Contents

8.5.1 Modeling a Resonant Bar 176
8.5.2 Data Processing 178
8.5.2.1 Constant Field Analysis, CFA 180
8.5.2.2 Template Analysis 186

References 197

9 Elastic State Spectroscopies and Elastic State Tomographies 199
9.1 Spectroscopies 199
9.1.1 Linear, Homogeneous 200
9.1.2 Nonlinear, Homogeneous 200
9.2 Tomographies, Linear, Inhomogeneous 202
9.2.1 Time of Flight 202
9.2.2 Normal Mode 203
9.2.3 Normal Mode, a Numerical Example 206
9.2.4 Time Reversal 209
9.2.5 Time Reversal, a Numerical Example 215
9.3 Tomographies, Nonlinear, Inhomogeneous 218
9.3.1 Time of Flight 218
9.3.2 Nonlinear Normal-Mode Tomography 220
9.3.3 Nonlinear Time-Reversal Tomography 223

References 225

10 Quasistatic Measurements 227
10.1 Some Basic Observations 227
10.2 Quasistatic Stress-Strain Data; Hysteresis 231
10.3 Coupling to Auxiliary Fields 236
10.3.1 Saturation 237
10.3.2 Temperature 242
10.4 Inversion 247
10.4.1 Simple σ – ε Protocol and Minimalist Model 248
10.4.2 Elaborate σ – ε Protocol and Minimalist Model 251
10.4.3 The Relationship of σ – ε Data to Dynamics 254
10.4.3.1 Approximate Treatment of σ – ε Data 254
10.4.3.2 Dynamics 256
10.4.3.3 Quasistatic Dynamics 257

References 258

11 Dynamic Measurements 261
11.1 Quasistatic-Dynamic 261
11.1.1 Pressure-Dynamic 261
11.1.2 Temperature-Dynamic 264
11.1.3 Saturation-Dynamic 265
11.2 Dynamic–Dynamic 267
11.2.1 Dynamic–Dynamic: Wave Mixing 268
11.2.1.1 Noncollinear Wave Mixing 268
11.2.1.2 Collinear Wave Mixing 270



�

�

Guyer: Nonlinear Mesoscopic Elasticity — 2009/7/16 — 15:29 — page IX — le-tex

�

�

�

�

�

�

Contents IX

11.2.2 Dynamic–Dynamic, Resonant Bar, Preliminaries: Fast Dynamics
and Slow Dynamics 274

11.2.2.1 Fast Dynamics: Linear 275
11.2.2.2 Fast Dynamics: Nonlinear 275
11.2.2.3 Slow Dynamics; External Source 276
11.2.2.4 Slow Dynamics; Internal Source 276
11.2.3 Dynamic–Dynamic: Resonant Bar, Data 280
11.2.3.1 Linear 280
11.2.3.2 First Examination of Slow Dynamics 280
11.2.3.3 Constant Strain Analysis 284
11.2.3.4 Slow Dynamics and log(t) 286
11.2.3.5 Low-Strain Behavior 289
11.2.3.6 Constant Strain Measurement 291
11.2.3.7 Slow Dynamics and log(t) Again 295
11.2.3.8 Pump/Probe Study of the NESS 298
11.2.3.9 Case Study: Designer Elastic Media 301
11.3 Examples of Systems 308
11.3.1 Anomalous Fast Dynamics 308
11.3.2 Slow Dynamics 309
11.3.2.1 Slow Dynamics: Review 309
11.3.2.2 Anomalous Fast Dynamics and Slow Dynamics 310

References 311

12 Field Observations 313
12.1 Active Probes 313
12.1.1 Wave Mixing in the Earth 313
12.1.2 The Earth as Resonant Bar 315
12.2 Passive Probes 318

References 321

13 Nonlinear Elasticity and Nondestructive Evaluation
and Imaging 323

13.1 Overview 323
13.2 Historical Context 324
13.3 Simple Conceptual Model of a Crack in an Otherwise Elastically

Linear Solid 327
13.4 Nonlinear Elastic Wave Spectroscopy in Nondestructive Evaluation

(NEWS) 330
13.4.1 Nonlinear Wave Modulation Spectroscopy (NWMS) 330
13.4.2 Harmonics 336
13.4.3 Robust NWMS 336
13.4.4 NWMS Summation 338
13.4.5 Nonlinear Resonance Ultrasound Spectroscopy (NRUS) 341
13.4.6 Nonlinear Ringdown Spectroscopy (NRS) 341
13.4.7 Slow Dynamics Diagnostics (SDD) 345



�

�

Guyer: Nonlinear Mesoscopic Elasticity — 2009/7/16 — 15:29 — page X — le-tex

�

�

�

�

�

�

X Contents

13.5 Progressive Mechanical Damage Probed
by NEWS Techniques 347

13.6 Mechanical Damage Location and Imaging 353
13.6.1 Harmonic Imaging 353
13.6.2 Modulation Imaging 354
13.6.3 Imaging Applying Time Reversal Nonlinear Elastic Wave Spectroscopy

(TR NEWS) 357
13.7 Other Methods for Extracting the Elastic Nonlinearity 361
13.7.1 Time Reversal + Phase Inversion 361
13.7.2 Scaling Subtraction/Variable Amplitude Method 364
13.8 Summary 365

References 365

Color Plates 369

Index 391




