1
Introduction

1.1
Second-Quantized Representation for Electrons

The use of a Schrédinger equation to describe one or more electrons already treats
the electron quantum mechanically and is sometimes referred to as first quanti-
zation. As long as electrons are neither created nor destroyed, such a description
is complete. However, an electron that is transferred from state n to state m is of-
ten described as the destruction of an electron in state n and creation in state m
by an operator obeying an algebra of the form c},c,. It is convenient therefore to
further refine the algebra of such operators analogous to the operators b:g and b,
that create and destroy phonons of wave-vector q. However, electrons are fermions
rather than bosons and the state occupancy number chey should only be permit-
ted to take the values zero or one. This aim is achieved by using anti-commutation
rules {described by braces} or by square brackets with a + subscript, thatis, [- -]+,
instead of commutation rules described by brackets or square brackets with a —
subscript, that s, [--+]—.

In this book, we will be primarily concerned with low-dimensional systems such
as quantum wells, dots and wires. A typical band structure of the valence and con-
duction bands for a heterostructure like GaAs/AlGaAs is shown in Figure 1.1. How-
ever, the formulation in this chapter and in some of the others is independent of
dimensionality.

The phrase “second quantization” is descriptive of the notion that the Schrédin-
ger wave function ¥ (r) is to be quantized, that is, treated as an operator. In terms
of any complete set of states ¢ (r), we can write:

(=Y capilr, /d3r¢:(r)¢k/ (r) = Okw , (1.1)
k
where the anti-commutation rules are given by
[ck, c}‘;,L v (1.2)
and
[ci, ey = [cZ,cZ/L =0. (1.3)
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Figure 1.1 Valence (lower curve) and conduction (upper curve) bands of electrons in a semi-
conductor heterostructure.

For a single state, we can omit the subscripts and examine the consequences. Equa-
tion (1.3) implies that

=0, () =o. (1.4)
Let N = ¢T¢, then

N? = (c'i‘c)2 = clecfe = ¢f (1 _ c’i‘c) c

cfe— (CT)Z =cfc—0=N. (1.5)

Thus, N = 1or 0.
Consider the two eigenstates of N:

NW=0%, and N, =1Y,. (1.6)
Then, is ¢ ¥, also an eigenstate of N?

(cTe) "Wy =cT (1—cle) W
=y, — (CT)Z cW=cy,. (1.7)

Therefore,
N (") =1(c"¥) , (1.8)

thatis, ¢ ¥, is proportional to ¥;. Evaluate the normalization:

/d3r(c’“1’0)* (cT%) :/d3r‘1’0*cc';'¥’o

:/d3r11/0* (1-cle¥) =1. (1.9)
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Therefore, ¢’ ¥, is normalized and we can simply choose

Ty = . (1.10)
Similarly,
ccl (c¥) =c(l—cch) ¥y =¥ (1.11)

Therefore, ¢ ¥, is an eigenvector of ccT = 1—cT ¢ with eigenvalue 1 or eigenvector
of ¢ ¢ with eigenvector 0. By a similar procedure to Eq. (1.9), ¢¥; is normalized and
we can write

qul = lII() . (112)
Note that

Wy ="V =0, (1.13)

W = () ¥ =0. (1.14)

We begin by rewriting the Schrédinger equation in second quantized form. In
most cases, the Hamiltonian has the form

N N
1
H :;T(xi)-i-zi?g::l‘/(xi,xj') : (1.15)

where T is the kinetic energy and V is the potential energy of interaction of the
particles. Here, x; = (x, t;, s;) is the space-time-spin point. The potential energy
term represents the interaction between every pair of particles counted once, pre-
cisely why we have the factor of 1/2. We will not give the details for reformulating
Eq. (1.15) in second quantized form since it can be found in many textbooks on
quantum mechanics and will simply quote the results along with some others. For
the Hamiltonian in Eq. (1.15), we have

A= / Px, VT (%) T (x) ¥ (x)
1 A . -~ o
+ E/aﬁx/ PP (x) VT (x) V(x5 ) ¥ (x) ¥ (x) . (116
The single-particle operator

N
J=2_Jx) (1.17)

i=1

in second quantized form becomes
j= / Px¥l(x) ] (x) ¥ (), (1.18)

and, in particular, the number density n(x) = Y.\, d(x — x;) is given by

(x) ¥ (x) , (1.19)

n(x) =

i
where ¥ (x) and ¥ (x) are creation and annihilation operators, respectively.

5



6

1 Introduction

1.2
Second Quantization and Fock States

For a system in which the number of particles is variable, it is essential to introduce
creation and destruction operators. However, it is also possible to do so when the
number of particles is conserved. In that case, of course, the perturbation operators
will contain an equal number of creation and destruction operators. In that case,
it is customary to describe the procedure as “second quantization”. First quantiza-
tion replaces classical mechanical equations of motion, and second quantization
replaces a Hamiltonian containing one-body forces, two-body forces, and so on by
a Hamiltonian that is bilinear in creation and destruction operators, quadratic in
creation and destruction operators, and so on. Nothing new is added, but the com-
mutation rules of the creation and destruction operators make the bookkeeping
of the states simpler than using permanents or determinants for the Schrodinger
wave functions. For Bose particles, second quantization was developed by Dirac [1],
and extended to Fermi particles by Wigner and Jordan [2]. A more detailed discus-
sion is given by Fock [3] and by Landau and Lifshitz [4].

13
The Boson Case

It is simplest to describe the relation between the Schrédinger description and the
second quantized description by assuming that we have a set of N non-interacting
particles that can occupy any one of a set of orthonormal states ¢ ,(x;). Besides, if
the particles do not interact, the wave function can be a product of the ¢, that are
occupied. In addition, (for Boson statistics) the wave function must be symmetric
with respect to exchange of any two particles. If there are N; particles in state ¢4,
N, in ¢, for a total N = >, N; of particles, the wave function can be written in
the form

IN,I...
W (N Ny ) = S S G () @ () g o) L (120)

where p1, pa,..., pn is any set of occupied states (such as p; = 1, p, = 3, p3 = 4,
etc.). These indices must not all be different since some states can be multiply
occupied. However, where they are distinct, the sum must be taken over all permu-
tations of the distinct indices. Since the number of ways of placing N, particles (out
of N) in one box, N in a second and so on is given by N!/(N;!N,!---). The prefac-
tor in Eq. (1.20) is added to preserve normalization. We can refer to ¥ (Ny, Ny, ---)
as a Fock state with Nj particles in ¢q(x), N, in ¢5(x), and so on.
We then introduce creation and destruction operators B;r and B; defined by

B/W (N, -+, Niy-or) = /Ny + 1TW (Ny, -, N+ 1,--4) (1.21)
and

B;¥W (Ny,-+,Nj, )= /N;W(Ny,--- ,Nj = 1,--+) . (1.22)
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The principal simplification of second quantization is that a one-body operator
V=Y "Vi(r), (1.23)
a

which can take ¥ (N; — 1, Ny) into ¥ (N;, Ni — 1) by “destroying” a particle in state
k and creating one in state i in the Schrédinger permanent wave functions can be
much more easily calculated when the operator

V = Vi B/ B, (1.24)

acts on the Fock states. In particular, the matrix element
/d3r¥’* (N;, N = 1) V¥ (N; — 1, Ny)
:/d3r'1/* (Ni, Ny — 1) Vi Bl By W (N; — 1, Ny)

= VNiNu Vi, (1.25)

where the first integral is over the Schrédinger space dx;dx; --- dxy. The second
one is thought of in terms of creation and destruction operators in a space de-
scribed by the number set { N}, and the matrix element

Vie =/d3r¢;‘(r)V(r)¢k(r) (1.26)

is the usual one-body matrix element in the Schrodinger representation.

Landau and Lifshitz [4] do not derive this result. They merely state that “The
calculation of these matrix elements is, in principle, very simple, it is easier to do it
oneself than to follow an account of it.” It would be unfair to leave the matter there:
Landau knows how to do it; let it be an exercise for the reader.

We can make the answer plausible by showing that the right-hand side of
Eq. (1.25) is a product of four factors:

=[ (N; — 1)INy! ]1/2[ N;! (N}, — 1)!
- (N; + N, — 1)! (N; + N, —1)

1/2
J VM . (1.27)

The first factor comes from the normalization factor of the initial state, and the
second from the normalization of the final state. Factors involving N; for j # i or
k are ignored since they merely contribute to the normalization of the remaining
states. A single product of ¢s for the initial state, a product for the final state and
one V(r,) give rise to a term V;; or zero. The factor M is simply the number of
such non-vanishing terms. Since each V(r,) for a = 1,2,..., N makes the same
contribution, M contains a factor N = (N; — 1) + Ny = N; + (N; — 1), the total
number of particles in these two states (in either the final or the initial states). For
a given V(r,), the factor [ d*r ¢ (ra) V(ra) @k (ra) appears and one particle is used
up. The remaining N — 1 = N; + Nj — 2 particles must now be distributed with
N; — 1 in the ith state and N; — 1 in the kth state. Thus,

(N—1)!

TR I T

(1.28)

7



8

1 Introduction

where the first factor, N = N;+ Nj—1, is the number of terms in the sum ), V(r,)
and the second factor is the number of ways of distributing N — 1 particles in two
states with N; — 1 in the first state and N — 1 in the second state. Finally,

e (N DU (N =) (N N~ 1)!
VNN N Il (NG — DTNy — 1]

= VNiN, Vi . (1.29)

The matrix elements in Eqs. (1.21) and (1.22) are such as to insure the commu-
tations rules

(Bi, Bjl- =[B],B]]- =0, [B;Bl]-=0di. (1.30)

A natural generalization of Eq. (1.25) to two-body operators implies the replace-
ment:

> Wire,r)—> Y WEB B BB,. (1.31)
a>b

A compact statement of these commutation rules in Eq. (1.30) can be obtained by
introducing an operator ¥ (r) in the form

Y=Y Bipi(r), v (=D Blorr. (1.32)
Then, the “Schrédinger operators”, 1 (r) and 1 T(r’), obey the commutation rules
[y (v ()] =[w" . »"(")]_=0, (1.33)
[v(r), v (r)]_= Z Pi(r) 97 (r)oij=0(r—7), (1.34)

ij

where the d;; arises from Eq. (1.30) and the Dirac delta function follows from the
completeness.

The second quantized Hamiltonian of a boson system with one and two-body
forces can be written in the form

. R .
a :/d3r|:ﬁV1/)' (r)-Vy (r)+ V(r)y' (r)w(r)]

+ %/ d"’r/ Pyt ()t (F) W (r,r) p (F)p(r) . (1.35)
In addition to the correspondence
Y V(rd > > VBl By (1.36)
a ik

for one-body forces, we have a similar correspondence for two-body forces:

S W (ra,rs) > > WiEBIB/BB, (1.37)

a>b ikil,m
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where
wik = [ @ [ Ergrmere)Winrienea). (138)

We note that the commutation rules, Egs. (1.30), (1.33), and (1.34) for bosons are
the same as the ones we are familiar with for harmonic oscillators and phonons,
which are of course bosons.

1.4
The Fermion Case

In the fermion case, the Pauli principle requires that the wave function be antisym-
metric. The simplest example of a set of independent fermions is then described
by a determinant

¢p1 (rl) ¢p1 (rZ) e ¢p1 (rN)

¥ (N1, Np,-+) (1.39)

¢pN (1’1) ¢PN (72) "'¢pN (rN)

in terms of the set of functions ¢ ;(r). The latter are usually taken as members of a
complete set of eigen-functions of the one-body Hamiltonian. Here, N is the total
number of eigen-functions appearing in the determinant, that is, the total number
of occupied states. The set of numbers pi, p2,---, pn are some chosen ordering
of the set {i}. To make the sign of the determinant unique, a fixed order must be
chosen. It is conventional to choose the ordering

P1<p2<p3<:<PN. (1.40)

This is not necessary, but a fixed choice must be maintained in the ensuing discus-
sion.

The result of second quantization for fermions will look similar to that for bosons
in the sense that Eq. (1.32) is replaced by

=Y Fgi), v =Y Foer@, (1.41)

where the boson operators B; have been replaced by the fermion operators F;.
With this change, Egs. (1.35)—(1.38) remain valid. However, fermion states can have
occupancies only of N; = 0 or N; = 1. This is accomplished by the use of anti-
commutation rules

L Y PRl -
[F,,FJL_a,J, [Fi.Fj], =0, [Fi,Fj]+_0 (1.42)

rather than the commutation rules used in the boson case. In particular, Egs. (1.33)
and (1.34) are replaced by

(), v( )N+ = (), v () =0, (1.43)

9
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(), v ()4 = o(r—r),
which follows directly from Eq. (1.42).

(1.44)

To see that the anti-commutation rules, Eq. (1.42), accomplish the desired objec-
tives, we first consider a single state ¢;(r) with operators F; and F;, and omit the

index i.

F=0, (F)'=o.
Let N = FTF. Then,

N> = (FTF)* = FTFFTF = FT (1- FTF) F

= FIF—(FY)FP=FF-0=N

so that

N=1 or N=0.
Consider the eigenstates of N:

N%Y =0% or NW¥, =Y.
Then, is FT¥, also an eigenstate of N?

(FTF)FT¥, = FT (1- FTF) %,

= Fiyy— (FI) F, .

Therefore,

NFTY¥, =1(FT¥) ,

that is, FT ¥ is proportional to ¥;. Evaluate the normalization:

/d%(F'i'lyo)* (FTw,) =/d3r, W FETY,

= / Prvf (1-FF)¥=1.

Therefore, FT ¥, is normalized and we can choose
FTy, =y, .
Similarly,

FFT(F¥) =F(1—-FF') ¥ = F¥,.

(1.45)

(1.46)

(1.47)

(1.48)

(1.49)

(1.50)

(151)

(1.52)

(1.53)

Therefore, F ¥, is an eigenvector of FFT = 1 — FTF with eigenvalue one or eigen-
vector of FTF with eigenvector zero. By a similar procedure to Eq. (1.28), F ¥, is

normalized and we choose

Fy, = ,.

(1.54)
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Note that
F¥ = F¥, =0, (1.55)
Fiw, = (F) %, =o0. (1.56)

The above discussion has established that the anti-commutation rules generate a
set of states with occupancies zero and one. The full correspondence between first
and second quantization requires that we establish the analogue of Eq. (1.36):

V=Y V(r)—> Y Vi F/F. (1.57)
a ik

This involves the matrix element of the one-body operator V between two determi-
nantal states. In effect, a transition in which a fermion in state k is destroyed and
one in state i is created was found to have the matrix element

/d3r11!* (Ni, Ny —1) V& (N; — 1, Np) = V; (1.58)

between determinantal states.
[4, Eq. (61.3)] allege (without proof) that the result in Eq. (1.58) should instead be

/d3rlp* (Ni, Ny — 1) V¥ (N; — 1, N) = Vip(=1)* , (1.59)

where the symbol

k—1
= > N;. (1.60)
j=i+1
This discrepancy can be resolved as follows. In our calculation, we obtained the fi-
nal wave function (before anti-symmetrization) from the initial wave function sim-
ply by replacing ¢ (r,) with ¢;(r,). However, this procedure does not preserve the
chosen ordering, Eq. (1.40). To restore the chosen ordering, one must interchange
row i and k in the final determinant. These gain a factor (—1)* where ¥ is the
number of occupied states between i and k.
To maintain the validity of Eq. (1.57), the operator Fy takes the state Ny = 1 into
N = 0 with an extra factor

FoW (N =1) = 5 ¥ (N = 0) , (1.61)
and

FIW(Ny=0)=nf¥ (N, =1) . (1.62)
The anti-commutator [ Fy, F,j]_;_ is unchanged as long as |5, |> = 1. If we define

k—1
me= 1Y, (1.63)

j=1

1
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then F Fy acquires just the extra factor (—1)2(+1¥~1 demanded by Eq. (1.59).
Moreover, it is easy to see why

FF, = —F,F, (1.64)

because one of m, n (say m) is higher in the sequence of states. Then, the matrix
for Fy, in F,, F, is reversed in sign because F, has acted and eliminated the state n
below m. In the reverse order, F, F,,, F, is unaffected by the elimination of state
m above it. Hence, the two orders differ by a factor —1 to yield the desired anti-
commutation rule. These remarks are stated clearly in [5].

1.5
The Hamiltonian of Electrons

We first consider the case of a single electron, or of a set of non-interacting elec-
trons. The Hamiltonian can be written in the form:

H= /dwﬁ GRIAGRAGE (1.65)

Here, 1 (r) and T (r) are regarded as operators that can be expanded in an arbitrary
orthonormal set ¢, (r):

P ()= capulr), (1.66)

yi(n = nX: chm(r) . (1.67)
The Hamiltonian then takes the form

H=Ycl, [@ron U e, 0o,

=> cl(m|Uln)c,, (1.68)

where (m|U|n) represents the matrix for destruction of electrons in » and its cre-
ation in m. If the original Schrédinger equation is

hZ
[—m* Vi+ V(r)] p=E¢p, (1.69)

where m™* represents the mass of an electron, then U is the operator defined by

hZ
=——V? 1.
U m + V(r), (1.70)

whose matrix element is

2

h
onlUln) = [ dro ir [—

=V V(r)} $n(r) = Unn . (171)



1.6 Electron—Phonon Interaction

To best understand the eigenstates of the operator

H=> Upnchcn, (1.72)
m,n

we can choose the ¢, to be the eigenstates of U with eigenvalues E,. Then,

Unn = Emémn ’ (173)
H = Echc,. (1.74)

The Hilbert vector ¥’ that is an eigenvector of H will then simply be described by a
set of occupancies zero or one of each N = che,, for example, 0,1,0,0,1,1,0,1,...).
To solve the Schrédinger equation HY¥ = EY, we can write

> o (chcnUpn) W = EW. (1.75)

m,n

1.6
Electron—Phonon Interaction

Following Callaway [6] the Hamiltonian is written as an electron energy, plus a
phonon energy, plus an electron-phonon interaction:

_ t t
H= Z Excy,Cro + Zhwqaqaq
k,o q

+ Z [D(q)c}i_i_q,ackgaq + D(—q)c,i_q,ackgag] . (1.76)
k,q,0

Quasi-momentum conservation is built into the above expression and o is the in-
dex for electron spin. The original form for phonon absorption was
Vkrkék/,k+qc,£,gckgaq . (177)

We assume that the potential is local so that Vj/; = Vjs—;. There are also screened
Coulomb electron—electron terms that we ignore here. These have the form

n

1
/d3r1---/ ABr,w* (r, - ,rn)z Z w (ri — 1) ¥ (r,,t)
i#j=1
(1.78)
corresponding to the many-body wave-function energy. If we insert ¢ (r) =
2_j¢j¢ (r) which expresses the operators y(r) in terms of the c; operators,
we get

1
Hiwobody = 5 Z c ey (kI W ml)cicp (1.79)
i,k:l,m

which is a representation of two-body interactions in second quantized form.
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1.7
Effective Electron—Electron Interaction

In an electromagnetic field, the charge-1 acts on the field and the field acts on
charge-2. If we can eliminate the field, we obtain a direct interaction between
charge-1 and charge-2. Here, the field is the phonon field. After we eliminate the
electron—phonon interaction, we should obtain an effective electron—electron inter-
action.

Let

H=Hy+ H, (1.80)
where H; is the interaction Hamiltonian. The transformed Hamiltonian
Hy = ¢S HeiS
= H+i[H, S]— %[[H, S], S1+---
= Hy + Hy + i[Ho, S] + i[H}, S] — %[[Ho, S, S|+ - (1.81)
to second order of S. To dispose of H; to lowest order, we set
Hi+i[H, S]=0, ie, [Ho S]=iH;. (1.82)

Then,
) i i
Hr = Ho + i{H), §]— 5[Hy, S] = Ho+ 5[Hy, S]. (1.83)

Let |m) and |n) be energy eigenstates of the complete system of electrons and
phonons. Then, we get

(m|[Ho, S]In) = i(m|H;|n), and (m|H;lm)=0,
(Em - En) Sn = l(m|Hl|n> ,
{m|Hi|n)

E _E for m#n. (1.84)

Smn =
However,
1/2
(ng—1laglng) = n)*, (ng+1afing) = (ng +1) (1.85)

Writing S as operators cs (electronic part) and as a matrix in the vibrational part,
we obtain

C Ckol 12
k+qa o'q
— 1|8 E . 1.86
(g |SInq) o k+q E(k) —ho, ( )
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Here, a phonon of wave vector g is absorbed and an electron is scattered from k to
k + g at the same time, that is,

(_ )c-;k-fq,ackg (nq + 1)1/2

q
E(k—q)— E(k)—hay,

D
(ng+1|Sng) =iy (1.87)
k,o

In Eq. (1.87), a phonon of wave vector g is created and an electron is scattered from
kto k — g at the same time.
We are concerned with the effective second-order interaction

i
—[Hy, S
2[1]

and by this we mean the part diagonal in the phonon numbers. (The off-diagonal
elements can be transformed away to give still higher-order interactions). We can
write

(ml5[Hy, Sling) = = 37 {{ngl Hilng £ 1)(n, £ 1/S]n,)

— (ng|S|ng £ 1){ny = 1|Hy|n,)}, (1.88)

where the intermediate states [n, & 1) are summed over. We write out one term
explicitly:

l(”q|H1|”q_1)(”q_1|5|”q)

2
) . 1/2
4 T lD(q)c;H— oCkalg
=3 D(_q)nllzc’/, /Ck’o’ %
2};; 4 K=qo Ung:E(k+q)—E(k)—hwq
1 |D(q)|261,_q,0,6k'0/C}E_i_qUCkg

B kJ;G,U’ E(k+q)— E(k) —ho, (1.89)

where D(—q) = D*(q). Callaway’s Eq. (7.8.5) [6] states that the four terms combine
to give

|D(q)|2hwq
H, =
1 Xz[ﬂm—Ew—mF—@wJ

k,k’,q:0,0"
X €y g st o C¥'0’ Ok - (1.90)
With the replacement k — k + ¢, we get

|D(q) PR,

= [E(k + 4) — E(R)F — (havg)?

k,k’,q:0,0"

;o
X CoCh g qor CK/0’ Ck+qo - (1.91)

Note that the effective Hamiltonian is independent of temperature. For E(k)—E (k—
q) < hw,, the interaction becomes attractive.
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An alternate derivation of the above H; is obtained in a semiclassical way by
Rickayzen [7, p. 117-121], by considering an electron fluid and an ion fluid and
retarded interactions between the two components.

We will be dealing with systems of many interacting particles and, as a result,
we need to include the inter-particle potential in the Schrédinger equation. This
problem is the basis of the present book. The N-particle wave function in configu-
ration space contains all the possible information. However, a direct solution of the
Schrédinger equation is not practical. We therefore need other techniques which
involve (a) second quantization, (b) quantum field theory, and (c) Green’s functions.

Second quantization describes the creation and annihilation of particles and
quantum statistics as well as simplifying the problem of many interacting parti-
cles. This approach reformulates the Schrodinger equation. The advantage it has
is that we avoid the awkward use of symmetrized and anti-symmetrized product
of single-particle wave functions. With the method of quantum field theory, we
avoid dealing with the wave functions and thus the coordinates of all the particles —
bosons and fermions.

Green’s functions can be used to calculate many physical quantities such as
(1) the ground state energy, (2) thermodynamic functions, (3) the energy and life-
time of excited states, and (4) linear response to external perturbations. The exact
Green’s functions are also difficult to calculate which means we must use pertur-
bation theory. This is presented with the use of Feynman diagrams. This approach
allows us to calculate physical quantities to any order of perturbation theory. We
use functional derivative techniques in the perturbation expansion of the Green’s
function determined by the Dyson equation and show that only linked diagrams
contribute. Wick’s theorem which forms all possible pairs of the field operators is
not used in this approach.

1.8
Degenerate Electron Gases

We now illustrate the usefulness of the second quantization representation by ap-
plying it to obtain some qualitative results for a metal. The simple model we use is
that of an interacting electron gas with a uniform positive background so that the
total system is neutral. We ignore the motion of the ions/positive charge. We do
not consider any surface effects by restricting our attention to the bulk medium.
We insert the system into a large box of side L and apply periodic boundary condi-
tions; this ensures invariance under spatial translations of all physical quantities.
The single-particle states are plane waves

1 ... 1 0
Pra (%) = me"‘"m ,ont= (0), nl = (1) (1.92)
where k; = 2tn;/L, n; = 0,+£1, £2,... The total Hamiltonian is

H=H,+ H.—, + Hyp, (1.93)
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where
N 2 N e—lei—xj'l
H, = _ 1.94
Xgm* D R (1.94)
i=1 17&J=1
2 ’

7K|x xil

_ :—CZZ/d3xn [rpk (1.96)

i=1
Here, « is the inverse screening length required for convergence of the integrals.
Individual integrals diverge in the thermodynamiclimit N — oo, V — co but n =
N/V is a constant. The sum of the three terms must however remain meaningful
in this limit. For a uniform positive background n (x) = N/V, we have

62 , 3/—K|x x|
Hy = — /d /d
2 x — x|
2
Z%(v)/”x/”WKT‘

e’ N2 47
=TV (27

—le x|
Hefh:—ffZZ( )/d3 P

= . (1.98)

H=-——"—""+H (1.99)

= e -

a C-number

Forming a linear combination of the creation and destruction operators as
=Y i (%) b, D) =) ep (%) ay, (1.100)
k.2 kA

we rewrite H, in second quantized form and the total Hamiltonian is

e N2 4x h2k?
H=--—"2
2V k? ;2m

+ EYY) Z Z Z Z 611 136/12/146’614”62 k3+ks

k1 1 kauda k3,23 kads

4 5
P e e B BB

aklakl

(1.101)
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By changing variables in the potential energy term to k, p and g, where k1 = k+q,
ky=p—q, k3 = k and k4 = p, it becomes

P.E.

et 2y 0k iy
ZVZZ 2+K2 k+q/11 p 942" P
kpq/h/lzq

Z Z 7 +Kz k+q11 - qlzaﬂlakil
kpq;éoh/lz

+ Z Z ak A1 plzap 22 akil ’ (1.102)

kP /11/12

% % Zk,h Zp,ﬂz ﬁ}i',;l ak,h (‘A‘;,xz aMz —Okp éiMz)
where we separated the potential energy term into two terms corresponding to
q = 0 and q # 0. The g = 0 term can be further simplified as

%t_f (R2- 1K), (1.103)

where N is the number operator. The ground state expectation value of Eq. (1.103)
is

et e A (1.104)

where the first term in Eq. (1.104) cancels the first term of the Hamiltonian in
Eq. (1.99) and the second term in Eq. (1.104) gives —(¢?/2)(47/Vk?) as an ener-
gy per particle. This second term vanishes when the thermodynamic limit is taken
first. Therefore, the Hamiltonian for a bulk electron gas in a uniform positive back-
ground is

. /o 2 Zne
- Z T e Gl Z Z “k+q/11 p qaz“plz“kil )
kA k,p.q=70 41, lz

(1.105)

where we have now safely set « = 0.
1.9
Ground-State Energy in the High Density Limit

Let us denote the Bohr radius by ag = #%/m™ ¢ and the inter-particle spacing by r,
sothat4/3zry = V/N. Also, set rs = r/a so that ry — 0 in the high density limit.



1.9 Ground-State Energy in the High Density Limit

Setting V = V/r¢ (V is fixed for given N) and k = kry, we rewrite Eq. (1.105) as

= Z 0
a0r2 k,A

Al al A A
Oy o 5, 050005, - (1.106)

27”5
> Z
k.p,g7#0 4142

»&[\I_,|._.

Therefore,

1. The potential energy is a small perturbation of the kinetic energy in the high
density limit, that is, r; — 0, of an electron gas.

2. The leading term of the interaction energy of a high density electron gas can be
obtained using first order perturbation theory even though the potential is not
weak or short-ranged.

3. The ground state energy is given by

2
Egs =

P {a+bri+crllnrg+drl+---}, (1.107)
()

« »

where a, b and ¢ are numerical constants. As a matter of fact, the “a” term cor-
responds to the ground state energy E(© of a free Fermi gas, the “b” term gives
the first-order energy shift E(V).

It is fairly straightforward to obtain E(® and EW, though we need advanced tech-
niques to obtain the coefficients ¢ and d. Denote the Fermi wave vector by kr =
(32 N/V)13 = (97 /4)13r 1 so that

N

EO = hz > K6 (k —k)—h—z.z 0 (kg — k)
T 2m* F T 2m* F
k,A
e N3 (9m\?’
T 2a0725 \ 4 '
(1.108)

where 6 (x) is the unit step function. Thus, for a free Fermi gas, the ground state
energy per particle is E©®/N = 2.21/r2 Ry where €2/2a¢ = 13.6€V is 1 Ry. We now
calculate the first-order correction to E9, that is,

Zne
Z Z (gla, k+q11 p qhapizak/11|g> (1.109)
kl”ﬁéohlz

where |g) is the ground state for non-interacting electrons. The states (k, 11) and
(p, A2) must be occupied, and the states (k + g, 41) and (p — g, ;) must also be
occupied. Therefore, we must have either

(k + g, 21) = (k, 21) (k+q,241) = (p. 42) (1.110)

either (a) {(p g2 = (p.A )or() (p—q4o) = (k4
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The choice given as (a) is forbidden since q # 0 and the matrix element in
Eq. (1.109) is
(gl 18) = 0pktg02:1, (8184 g1, Bp 1, Bktair Gky|8)

= —0pk+q0211, (8 Akt q.21 T1k,1,18)
= —0pk+q01,1,0 (kr — k) 0 (kp — [k +q

), (1.111)

so that

2me? 1
EO — _ Z}:?o(kp—k)e(kp—lkﬂtql)
e N3 (9m\"
T Taarnaa\4) o

Thus, by combining the results for E(© and EY), we obtain the energy per particle
in the limit as r; — 0 to be given by

E e? (221 0916
oS { +}

N — - (1.113)
rs—0 N Zao

r? T

The first term is the kinetic energy of the Fermi gas of electrons and dominates in
the high density limit. The second term is the exchange energy term. It is negative
and arises from the antisymmetry of the wave function. The direct part arises from
the q = 0 part of the Hamiltonian and cancels the Hj + H,—j terms as a result of
charge neutrality.

The exchange term is not the total that arises from the electron—electron interac-
tion. All that is left out is called the correlation energy. The leading contribution to
the correlation energy of the degenerate electron gas will be obtained using Feyn-
man graph techniques. However, we note that Egg/N has a minimum at a nega-
tive value of the energy, that is, the system is bound, as shown in Figure 1.2. The
Rayleigh—Ritz variational principle tells us that the exact ground state energy of a
quantum mechanical system always has a lower energy than that evaluated using
a normalized state for the expectation value of the Hamiltonian. The exact solution
must also be that for a bound system with energy below our approximate solution
and the binding energy is that of vaporization for metals.

1.10
Wigner Solid

The energy of the Fermi gas can be lowered if the electrons crystallize into a Wign-
er solid. The range of values of r, for metals is 1.8 < r; < 6.0. At low densities,
Wigner suggested that the electrons will become localized and form a regular lat-
tice. This lattice could be a closed packed structure such as bcc, fcc or hep. The
electrons would vibrate around their equilibrium positions and the positive charge
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E/N
(In units of
e’2a;) 4
Binding ener
1o~ 4.83 g enerey
0 >
\ “A/ "
—0.095 A 4
~—0.100 \
Wigner solid

System is in equilibrium

Figure 1.2 The energy per particle as a function of a dimensionless density parameter r;, where
rs — 0 corresponds to the high density limit, while ry — 0o corresponds to the low density
limit.

is still spread out in the system. The vibrational modes of the electrons would be at
the plasmon frequency. For large r,, the potential energy is much larger than the
kinetic energy and there could be localization. In our discussion, the unit cell is tak-
en as a sphere of radius r;a( with the electron at the center. The total charge within
the sphere is zero. Outside each sphere, the electric field is zero and consequently
the spheres do not exert any electric fields on each other.

The potential energy between the electron and the uniform positive background

—e? 3¢ [ 3 [ é?
E—p= n/ d*r (—) =—=— / rdr = —— (—) (1.114)
r ria; rs \ 2a9
0

The potential energy due to the interaction of the positive charge with itself is
obtained as follows. Let V(r) be the potential energy from the positive charge at
distance r from the center. The electric field is E(r) where

av(r e (4 e?
eE(r) = — a(r) =n (gnﬁ) = (rg_ag) r. (1.115)

Integrating to obtain V(r) gives a constant of integration. This is obtained by ob-
serving that the total potential from the electron and positive charge must vanish

is
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on the surface of the sphere and we obtain

1 r\*| e
vin = [3 - (rsao) } 2o (1.116)

The interaction of the positive charge with itself is found by using

3
Ep_p = /d v =5 (2a0) (1.117)

Therefore, the total potential energy for the Wigner lattice in the Wigner—Seitz ap-
proximation is

18 ( €
Epp+ Epep = —— [ —) . 1.118
b+ Ep—p ” (Zao) (1.118)
This is larger than the exchange contribution for the free particle system. This
system has gained energy by the localization of the electrons. Stroll has calculated
the actual energy for several lattices. His results, expressed as —A/r;, in unit of
(€%/2ay) are given as follows:

Lattice A

Ne 1.76
fec 1.79175
bec 1.79186

hep 1.79168

1.11
The Chemical Potential of an Ideal Bose Gas and Bose-Einstein Condensation

For non-interacting bosons of energy ¢, = #2k?/2m*, the total number at temper-
ature T (f = 1/(kg T)) is

o

N__¢ / dhamk®— L

Vv (27)? eBler—u) _ 1
0

g 2m*\ 32 ? glr2
= — de————— 1.119

where g is the degeneracy and u is the chemical potential. We must have e —u > 0
since the mean occupation number must be positive for all energies. However,
since we can have ¢ = 0, then u < 0. If a classical limit is taken with

u
—00, 1.120
T — —0 ( )
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then we get
w32 %
0
* 3/2
_ g (M ReT 1.121
ge ( 2mh? ) ’ (1.121)

which is the result of the Boltzmann distribution, where [ dxx2e™ = J/m/4
is used. Solving this equation for «, we obtain

u N ([ 2ah? "
=] —(=— . (1.122)
ks T gV \m*ks T
A plot of this classical result is shown in Figure 1.3.
If Tp is the temperature where 4 = 0, then Eq. (1.119) gives

N g (2m*\*? ? £l
5= m( - ) /dg—es/(mo) —. (1.123)
0

The question which we now answer is what is the value of u for T < Tj. If u = 0
for T < Ty, the integral in Eq. (1.119) is less than N/V in Eq. (1.123) because the
value of the denominator is increased relative to its value at T, and the full value of
N/V will not be reproduced. This can be rectified if we treat the system as follows.
Below T, the system consists of two components: (1) particles occupying the zero
momentum state with a mean occupation number Ny, and (2) particles occupying
the excited state. This leads to

N Ny g (2m*\* T eli?
AT m( 72 ) / de T =1 (1.124)

ot

which gives No/V = (N/V)[1 — (T/ Tp)*/?] for T < T,. Experimentally, it has been
found that liquid He* has a phase transition at 2.2 K. Below that temperature, it acts

Wk T

In[ (N/gV) (2n/*/m 'k, T)** ]

Figure 1.3 u/(ks T) = In[(N/gV)(2h?[(m™* kg T))*/?] of a Bose gas as a function of T for fixed
N/V in the classical limit.
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like a mixture of superfluid and normal fluid. This discussion illustrates the Bose—
Einstein condensation of the ideal Bose gas and thus gives a qualitative description
of He*. Inter-particle interactions play a key role in the properties of quantum fluids
such as liquid He*.

1.12
Problems

1. Show that
[v )y () w (x")] = 0 (x = %) v (")
(97 yT () v (x7)] = =0 (x = x") T (),
where 1 (x) is a Boson field or a fermion field.

2.  Show that for a fermion field

s

[y ) 9T () wl (") p (") p ()]
=0 (x—x)pT (&) y (") (")
=0 (x—x") T (x) p (") p (x")
and
[p"(x) T () wT (x") 9 () p ()]
=0 (x—x") pT (x) pT (x") v (x)
=0 (x=x"") 9T () »T (x") y (x").

3. Show that for fermions

[a’k’ak”r a}i;,/,ak////]_ = (3 (k// —_ k///) ak/a'k”” _ (3 (k/ _ k///) a’k”a'k”” .

4. a) Starting with the commutation relation [a, aT] = 1 for bosonic creation a'

and annihilation a operators, show that
[aTa,a]=—a, [aTa,a’]=al.

Using this result, show that if |a) represents an eigenstate of the operator
a'a with eigenvalue o, a|a) is also an eigenstate with eigenvalue a — 1
(unless ala) = 0).

If | o) represents a normalized eigenstate of the operator a'a with eigenval-
ue « for all a > 0, show that

ala) = Vala—1), a'la) =Va+1la+1).

Defining the normalized vacuum state |£2) as the normalized state that
is annihilated by the operator a, show that |n) = (1/v/n!)(a")*|Q2) is a
normalized eigenstate of a'a with eigenvalue n.

b
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) Assuming the operators a and a' obey Fermionic anti-commutation rela-
tions, repeat parts (a) and (b).

Starting from first principles, show that the second quantized representation
of the one-body kinetic energy operator is given by

. z . p?
T = / dxa’r(x)zm* a(x) .
0

Hint: Remember that the representation is most easily obtained from the basis
in which the operator is diagonal.

Transforming to the Fourier basis, diagonalize the non-interacting three-
dimensional cubic lattice tight-binding Hamiltonian

H(O) = - Z tmn,acfnacno ’

(m.n)

where the matrix elements t,,, take the positive real value ¢ between neighbor-
ing sites and zero otherwise. Comment on how this result compares with the
spectrum of the Heisenberg ferromagnet.

Making use of the Pauli matrix identity 043-0,5 = 20450, — 40,4, Where
“.” denotes the scalar or dot product, prove that

A 1 P 1, .
Sm-S, = -3 Xﬂ: c;nacltﬁcmﬁcm = g hmbn s
a

where S, = 1/2 doap C-j;,m()’a/gcm/g denotes the spin operator and #,, =
> Cha cmp represents the total number operator on site m. (Here, assume
that lattice sites m and n are distinct.)

Starting with the definition

. . ata\"?
Siz(ZS)I/ZaT (1—5) ,

confirm the validity of the Holstein—Primakoff transformation by explicitly
checking the commutation relations of spin raising and lowering operators.

Frustration: On a bipartite lattice (i.e., one in which the neighbors of one
sublattice belong to the other sublattice), the ground state (known as a Néel
state) of a classical antiferromagnet can adopt a staggered spin configuration in
which the exchange energy is maximized. Lattices which cannot be classified
in this way are said to be frustrated — the maximal exchange energy associated
with each bond cannot be recovered. Using only symmetry arguments, spec-
ify one of the possible ground states of a classical three-site triangular lattice
antiferromagnet. (Note that the invariance of the Hamiltonian under a global
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10.

11.

12.

13.

rotation of the spins means that there is a manifold of continuous degeneracy
in the ground state.) Using the result, construct one of the classical ground
states of the infinite triangular lattice.

Confirm that the bosonic commutation relations of the operators a and a are
preserved by the Bogoliubov transformation,

a\ _(cosh@ sinh6 a
(a"f) B (sinhe cosh 0) (a"f)'

a) Making use of the spin commutation relation, [S, Sf] = id;;e%P7 S},
apply the identity to express the equation of motion of a spin in a nearest-
neighbor spin S one-dimensional Heisenberg ferromagnet as a difference
equation.

Interpreting the spins as classical vectors and taking the continuum limit,
show that the equation of motion of the hydrodynamic modes takes the form

=

hS = Ja’S x S

where a denotes the lattice spacing. (Hint: Going to the continuum limit,
apply a Taylor expansion to the spins, i.e., S;4+1 = S; + adS; + a?d%5;/2 +
)

c) Parameterizing the spin as
S = (C cos(kx — wt), Csin (kx — wt), v/ S? — CZ) ,

solve the equation. Sketch a “snapshot” configuration of the spins in a spin
chain.

Valence bond solid: Starting with the spin-1/2 Majumdar—Ghosh Hamiltonian

N
o 4 PO 1. 4 N
HMG=%Z(sn-sn+1+isn-sn+z)+7,

n=1

where the total number of states N is even and Sy, = S;, show that the
two-dimer or valence bond states

Nj2

o) =T] fmz” ® Hant1) = o) ® [1541))

n=1

are exact elgenstates (Hint: Try to recast the Hamiltonian in terms of the total
spin of a triad ] =5 nt+1+ S a+ S n—1 and consider what this representation
implies.) In fact, these states represent the ground states of the Hamiltonian.
Suggest what would happen if the total number of states was odd.

Su-Schrieffer-Heeger model of conducting polymers: Polyacetylene consists
of bonded CH groups forming an isomeric long chain polymer. According to
molecular orbital theory, the carbon atoms are expected to be sp? hybridized
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suggesting a planar configuration of the molecule. An unpaired electron is

expected to occupy a single p-orbital which points out of the plane. The weak

overlap of the p-orbitals delocalizes the electrons into a zz-conduction band.

Therefore, according to the nearly-free electron theory, one might expect the

half-filled conduction band of a polyacetylene chain to be metallic. However,

the energy of a half-filled band of a one-dimensional system can always be
lowered by applying a periodic lattice distortion known as the Peierls instability.

One can think of an enhanced probability of finding the 7 electron on the

short bond where the orbital overlap is stronger than the “the double bond”.

The aim of this problem is to explore the instability.

a) At its simplest level, the conduction band of polyacetylene can be modeled
by a simple Hamiltonian, due to Su, Schrieffer and Heeger, in which the
hopping matrix elements of the electrons are modulated by the lattice dis-
tortion of the atoms. Taking the displacement of the atomic sites from the
equilibrium from the equilibrium separation a = 1 to be unity, and treating
their dynamics as classical, the effective Hamiltonian takes the form

N N
H=—t Z Z (1+ u,) I:C;ZUC,H_M + h.c.] + Z % (Ung1 — un)2 ,
n=1

n=1 o

where, for simplicity, the boundary conditions are taken to be periodic. The
first term describes the hopping of electrons between neighboring sites
with a matrix element modulated by the periodic distortion of the bond
length, while the last term represents the associated increase in the elastic
energy. Taking the lattice distortion to be periodic, u, = (—1)"a, and the
number of sites to be even, diagonalize the Hamiltonian. (Hint: The lattice
distortion lowers the symmetry of the lattice. The Hamiltonian is most eas-
ily diagonalized by distinguishing the two sites of the sublattice, i.e., dou-
bling the size of the elementary unit cell, and transforming to the Fourier
representation.) Show that the Peierls distortion of the lattice opens a gap
in the spectrum at the Fermi level of the half-filled system.

b) By estimating the total electronic and elastic energy of the half-filled band,
that is, an average of one electron per lattice site, show that the one-
dimensional system is always unstable towards the Peierls distortion. To
do this calculation, you will need the approximate formula for the elliptic
integral,

/2
/ dky/1—(1—a?)sin’k ~ 2+ (a; — by Ina’) a?,
—/2

where a; and b, are unspecified numerical constants.

c) For an even number of sites, the Peierls instability has two degenerate
configurations — ABABAB--- and BABABA:-- Comment on the qualitative
form of the ground state lattice configuration if the number of sites is odd.
Explain why such configurations give rise to mid-gap states.

27
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14. In the Schwinger boson representation, the quantum mechanical spin is ex-
pressed in terms of two bosonic operators a and b in the form

A . N Ao \T A 1, .
St=ab, $7=(8%) . $*=3(afa—bTb).
a) Show that this definition is consistent with the commutation relations for
spin: [ST,§7] = 257
b) Using the bosonic commutation relations, show that
RN C N
,m) =
VIS +m)! /(S —m)!
is compatible with the definition of an eigenstate of the total spin operator

S2 and SZ. Here, |Q) denotes the vacuum of the Schwinger bosons, and
the total spin S defines the physical subspace

1€2)

Una, np) :ng +np =25} .

15. The Jordan-Wigner transformation: So far, we have shown how the algebra
of quantum mechanical spin can be expressed using boson operators, c.f., the
Holstein—Primakoff transformation and the Schwinger representation. In this
problem, we show that a representation for spin 1/2 can be obtained in terms
of Fermion operators. Specifically, let us formally represent an up-spin as a
particle and a down-spin as the vacuum |0), namely,

1) =1 = f0),
1) =10) = f(1).

In this representation, the spin raising and lowering operators are expressed
in the form St = fTand §— = f, while $* = fT f —1/2.
a) With this definition, confirm that the spins obey the algebra [S1, $7] =
287, However, there is a problem, that is, spins on different sites commute
while fermion operators anticommute, for example,

Si+sj_ = S?_Si-i_ , obut flfi=—ff.

To obtain a faithful spin representation, it is necessary to cancel this un-
wanted sign. Although a general procedure is hard to formulate in one di-
mension, this can be achieved by a nonlinear transformation, that is,

. . . . . . 1
Sl+ — fl?etnzj‘qn] , ST =e mzjdnjﬁ ) Slz — fl?ﬁ_i )

Operationally, this seemingly complicated transformation is straightfor-
ward; in one dimension, the particles can be ordered on the line. By count-
ing the number of particles “to the left”, we can assign an overall phase
of +1 or —1 to a given configuration and thereby transmute the particles
into fermions. (Put differently, the exchange to two fermions induces a sign
change which is compensated by the factor arising from the phase — the
“Jordan—Wigner string”.)
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b) Using the Jordan-Wigner representation, show that

SH—JL—S;—l—l = frflfm-i-l .

c) For the spin 1/2 anisotropic quantum Heisenberg spin chain, the spin

Hamiltonian assumes the form

A 8z & 1
HZ—Z[]ZS§S;+1+]T

n

(§n+ Sugr + 50 §j+1):| :

Turning to the Jordan—-Wigner representation, show that the Hamiltonian

can be cast in the form

=S [L (o rne) 1 (5 5+ 5l fon) |

n

d) The mapping above shows that the one-dimensional quantum spin-1/2 XY-
model, that is, J, = 0, can be diagonalized as a non-interacting theory of
spinless fermions. In this case, show that the spectrum assumes the form

€(k) = —J 1 cos(ka) .
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