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Index

a
activation function 287
adjoint 46, 273
Airy equation 5
amplitude, unique definition of 20
Andronov 115
aperiodic 87
attractive subsystem 292
attractor 101
autoparametric resonance 219, 220, see also

combination internal resonance, one-to-one
internal resonance, three-to-one internal
resonance, two-to-one internal resonance
– simultaneous 194, 220, 223

averaging, method of
– generalized 6, 26, 276

b
Banach space 287
basis, natural 36
Bessel’s equation 1
bifurcation 76, 78, 107

– degenerate 115
– diagram 78
– nondegenerate 82

Blasius problem 3
bookkeeping device 12
boundary layer 3
bracket, Lie 6, 33, 41, 45
Burger’s equation 3

c
canonical form see Jordan form
Cartesian 44
center 102
center manifold reduction 85, 142

– for continous systems 103–107
– for Hopf bifurcation 141–144
– for maps 72–75

– for retarded 3-D systems 308–310
– for retarded scalar equation 291–295
– for retarded SDoF equation 299–304
– for static bifurcation 126–132

center-manifold theorem 73, 103, 108
characteristics 3
circle map 87
codimension 33
combination autoparametric resonance 219

– in systems with quadratic
nonlinearities 222

combination parametric resonance 194, 207
– in linear gyroscopic systems 208
– in linear nongyroscopic systems

191–192
– in systems with repeated frequencies

198, 199
combination resonance 228, 236, 253
complementary subspace 36, 38, 46
constant solution see also fixed point
control, speed 151

– time-delayed feedback 287
crane 311
critical point see fixed point
cutting force 295
cycle see limit cycle

d
degeneracy 33
degenerate

– bifurcation 150
– form 199

detuning parameter 162
diagonal matrix 191
distinguished limit 199
divisor see small divisor
dominant 4
Duffing equation 9, 15

– forced oscillations of 161–172
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326 Index

– free oscillation 9–13

e
eigenvalues

– distinct 62
– purely imaginary 42, 52
– repeated 64
– zero 32, 48, 54
– zero and two purely imaginary 52

eigenvector 61
– generalized 61, 62, 65, 66, 97, 99
– of matrix 32

equilibrium solution see fixed point
evolution equation 291
excitation see also multiplicative, parametric

– harmonic 161
– multifrequency 257

f
fast variation 11
fixed point 6, 31, 66, 93, 97, 100

– hyperbolic 32, 72, 101, 107
– neutrally stable 102
– nonhyperbolic 32, 72, 101, 107
– nonstable 102

flip bifurcation see period-doubling
bifurcation

flutter 115, 196
focus 101
fold 76, see also saddle-node bifurcation
form see Jordan form
function space 291
fundamental parametric resonance 188, 245

– in Mathieu equation 187
– in nonlinear SDoF systems 208
– in systems with repeated frequencies

245–249

g
galloping 115
generalized eigenvector 32, 61, 62, 65
generating vector 6
generic bifurcation 109, 117
gyroscopic systems

– externally excited 225–228, 249–255
– parametrically excited 205–208

h
harmonic excitation 161
Hartman–Grobman theorem 72, 102
heat transfer equation 3
Hénon map 93
heteroclinic connection 150, 151
homeomorphism 103

homology equations 21, 67
hoop 152
Hopf bifurcation 2, 108, 115, 116

– conditions for 76, 115
– in maps 85–88
– in retarded systems 287–312
– normal form of 2, 115–117, 137–146

hyperbolic fixed point 32, 72, 108

i
image 36
incompressible flow 3
inevitable resonance 71
inflection point 119
inner product 291
internal resonance 220, see also combination

autoparametric resonance, one-to-one
autoparametric resonance, three-to-one
autoparametric resonance, two-to-one
autoparametric resonance, see also
autoparametric resonance
– absence of 232, 236, 250, 262
– in gyroscopic systems

225–228, 249–255
– in systems with cubic nonlinearities

238–243
– in systems with quadratic and cubic

nonlinearities 263–277
– in systems with quadratic nonlinearities

220–225
– in systems with repeated frequencies

238–243, 279–285
invariant

– circle 87
– set 66, 100
– time 11, 14

inverted pendulum 151
irrational number 87

j
Jacobian 33, 101

– matrix 77, 86, 101, 102
Jordan canonical form 32, 98

k
Krylov–Bogoliubov–Mitropolsky

technique 170

l
Lagrangian 263–265, 267, 270, 274
lathe 295–304
Lie 6, 33, 41

– bracket 41, 45
– transform 6
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limit cycle 6
linear normal form 35
Liouville equation 4
logistic map 83
long-period terms 6
Lorenz equations 158
lunar orbital dynamics 115

m
machine tool 295–304
main, resonance see primary
manifold 73, see also center manifold

reduction
maps 61–95
Mathieu Equation 54, 187

– treated by method of multiple scales
56–57

– treated by method of normal forms
54–56, 187–188

modal-damping 191
monomials 41
multifrequency excitation 257
multiple scales, method of

– applied to 2-DoF systems with quadratic
nonlinearities 267–276

– applied to Duffing equation 12
– applied to Hopf bifurcation 138–141
– applied to Mathieu equations 56
– applied to Rayleigh equation 15
– applied to retarded 3-DoF systems

306–308
– applied to retarded scalar equation

289–290
– applied to retarded SDoF systems

296–299
– applied to static bifurcation 117–126
– applied to systems with purely imaginary

eigenvalues 42, 47
– applied to systems with quadratic and

cubic nonlinearities 17
– applied to systems with repeated

frequencies 283–285
– applied to time-delay crane control

311–312
– applied to van der Pol equation 19

multiplicity 32, 39

n
natural basis 36
near-identity transformation 8
near-resonance 21, 35, 67–70
Neimark–Sacker bifurcation 76, 85
neuron 304
node 101

nonbifurcation 108, 110
nongyroscopic 191, 217
nonhyperbolic fixed point 32, 72, 101
nonsemisimple 196, 240, 244, 279
nonsingular 21

– matrix 31
– transformation 4

nonstable fixed point 102
nonuniform expansion 10
normalization 8, 13, 31
NST 48
null

– matrix 33
– space 46, 49

o
one-to-one autoparametric resonance 251

– in systems with cubic
nonlinearities 239

– in systems with quadratic and cubic
nonlinearities 264, 279

– in systems with repeated frequencies
195–205, 240–249, 279–285

orbit
– of maps 66
– period-two 83
– quasiperiodic 88

ordering scheme 12
orthogonal 46

p
parametric excitation see also Mathieu

equation, 187–216
– in gyroscopic systems 205–208
– in single-degree-of-freedom nonlinear

systems 208–212
– in systems with distinct

frequencies 194
– in systems with repeated frequencies

196–205
– multifrequency 257

parametric resonance
– simultaneous 194, see combination

parametric resonance, fundamental
parametric resonance, principal
parametric resonance

partial differential equation 1–3
pendulum 29, 151
period-doubling bifurcation 81, 85
pitchfork bifurcation 80, 108, 114

– in continuous systems 113–114
– in maps 80

Poincaré 115
Poisson bracket 33, 41
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polar 44
– coordinates 44
– form 11, 19, 24

potential 148
primary resonance 161

– in 2-DOF systems with quadratic
nonlinearities 176

– in Duffing equation 161
– in gyroscopic systems 226, 250
– in systems with cubic

nonlinearities 239
– in systems with quadratic and cubic

nonlinearities 176, 223
principal parametric resonance 188, 190, 244

– in 2-DoF systems 244
– in gyroscopic systems 208
– in Mathieu equation 190
– in nongyroscopic systems 194, 197
– in nonlinear SDoF systems 210
– in systems with repeated

frequencies 197
projection method

– for Hopf bifurcation 144
– for static bifurcation 132

purely imaginary eigenvalues
7, 33, 42, 52, 107, 115

q
quasiperiodic orbit 88, 90

r
range 46
rational number 87, 90
Rayleigh equation 13, 15
reconstitution, method of 27, 213, 269
regenerative model 295
regular 22
repeated frequency 195
repellor 102
resonance, definition of

– terms see also autoparametric
resonance, combination resonance,
fundamental parametric resonance,
principal parametric resonance,
subharmonic resonance, superharmonic
resonance

resonance, definition of 10
– condition for continous systems 37
– condition for maps 68, 69
– conditions of continous systems 35
– inevitable 71
– strong 71
– terms 10, 21, 33, 35, 42, 67–69

retarded systems 287–313

reverse pitchfork bifurcation 80, 114
Reynolds number 3
Rössler equation 157
rotating

– circular hoop 152
– particle 29
– phase 6

s
saddle 101, 102
saddle-node bifurcation 76, 77, see also static

bifurcation, 108, 109
– in continuous systems 108–109
– in maps 76–78

secondary resonance see combination
resonance, subharmonic resonance,
superharmonic resonance

secular terms 10, 20, 47
semisimple 39
sensitivity to initial conditions 88
set, invariant 66, 100
shift operator 291
Shoshitaishvili theorem 103
similarity transformation 3
simultaneous resonance 194, 220, 223
singular 68

– point 100
sink 101
slow variation 11
small divisor 21, 35, 68
solvability conditions 118, 273
source 101, 102
spindle 295
spiral 87, 90
stability

– interchange of 79
– local 101

state-space form 271
static bifurcation see pitchfork bifurcation,

saddle– node bifurcation, transcritical
bifurcation, see fixed point
– normal form of 117–137

stationary solution see fixed point
straightforward expansion 10, 43
stream function 3
strong resonance 71, 86
subcritical 117
subcritical bifurcation 85, 114, 116

– Hopf bifurcation 116, 117
– period-doubling bifurcation 83–84
– pitchfork bifurcation 83, 85, 114, 120

subharmonic resonance 161, 164, 178
– in Duffing equation 164–167, 171
– in gyroscopic systems 228, 253
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– in nonlinear SDoF systems
178–180, 182–185

– in systems with quadratic
nonlinearities 220

subspace 36, 38, 41
successive transformations 17, 66
supercritical bifurcation 114

– Hopf bifurcation 116, 117
– period-doubling bifurcation 83–84
– pitchfork bifurcation 80, 114, 120

superharmonic resonance 161, 180
– in Duffing equation 167, 172
– in gyroscopic systems 253
– in MDoF systems 220, 228
– in SDoF systems 180–184

t
tangent bifurcation 76, see also saddle-node

bifurcation
three-to-one autoparametric resonance 236

– in gyroscopic systems 251, 255
– in systems with cubic nonlinearities

238, 251
– in systems with quadratic and cubic

nonlinearities 263

time delay 287–313
time invariant 11
transcritical bifurcation 79, 108, 112

– in continuous systems 111
– in maps 79

transversality condition 115
troublesome terms 21
turning point 5
two-to-one autoparametric resonance 219

– in gyroscopic systems 225–228
– in systems with quadratic and cubic

nonlinearities 266–276
– in systems with quadratic nonlinearities

220, 226–228, 231
– simultaneous 223
– treated with generalized method of

averaging 276–278

v
van der Pol equation 15, 24, 152
variation of parameters 5, 8

w
wanders 88




