1
SDOF Autonomous Systems

1.1
Introduction

In this chapter, we describe the method of normal forms using single-degree-
of-freedom (SDOF) autonomous systems that can be modeled by the following
second-order nonlinear ordinary differential equation:

i+ w’u= f(u,1) (1.1)

where f(u, 1) can be developed in a power series in terms of u and #. In what
follows, we will refer to i + w?u = 0 as the unperturbed system and (1.1) as the
perturbed system. We assume that (1.1) has an equilibrium at 4 = 0 and & = 0.
Equation 1.1 can be cast as a system of two first-order equations by letting

xp=u and x =1 (1.2)
The result is

9.61 =X (13)

;).62 S —a)2X1 + f(xl, Xz) (14)
It is clear that the unperturbed system
2

X1 =% and X =-—w°x

has a simple pair of purely imaginary eigenvalues +iw.
The main idea underlying the method of normal forms is to introduce a near-
identify transformation

X1 = y1 + hi(y1, y2) (1.5a)

Xy = y2 + ha(y1, y2) (1.5b)

from (x4, %,) to (y1, y2) into (1.3) and (1.4) to produce the simplest possible equa-
tions (the so-called normal form). We call the transformation (1.5) near-identity
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because x; (t) — y1(t) and x,(t) — y2(t) are small; that is, o(x1(t), x2(t)). This proce-
dure is also called normalization. To this end, we substitute (1.5) into (1.3) and (1.4)
and obtain

, oy . by
— hy — —Lp, — L 1.6
Y1 =Y2+ m o Y1 s Y2 (1.6a)
) ohy . dhy |
y2 = —0*y1 — 0*hy + f(y1+ hy, y2 + ha) — o - Y1 — — Y2 (1.6b)
Y1 0y2

Then, we choose hy and h, such that (1.6) assume their simplest form. This task is
accomplished in steps. If one decomposes f(x1, x;) as

N
flx, %) =Y fulx1, %) (1.7)
n=1

where f, is a polynomial of degree n in x; and x,, then one chooses h; and h; to
simplify the terms resulting from the lowest-order polynomial f,,(x1, x;), where
m > 2,in f(x1, ;). In the next step, one chooses a second near-identity transfor-
mation to simplify the polynomial terms of degree m + 1, and so on.

It turns out that, because the unperturbed system (1.3) and (1.4) represents an os-
cillator, the governing equations can conveniently be expressed as a single complex-
valued equation. To this end, we follow steps similar to those used in the method
of variation of parameters (Nayfeh, 1981). When f = 0, the solution of (1.1) can
be expressed as

u = Be'® + Be ' (1.8)
where B is a constant and B is the complex conjugate of B. Hence,
i =iw(Be' — Be ') (1.9)

When f # 0, we continue to represent the solution of (1.1) as in (1.8) subject to
the constraint (1.9) but with time-varying rather than constant B. Next, we replace
Be'®! with £ (t) and rewrite (1.8) and (1.9) as

u=GE(t)+&(t) and B=iw[E(t) ()] (1.10)

Hence, solving for ¢ and ¢, we obtain

§=%(u—£u) and §=%(u+£ﬁ) (L.11)

Differentiating (1.11) with respect to t yields

.1 ' 1 '
C:E(u—iﬁ)zi(u—i—iwu—if) (1.12)
on account of (1.1). Hence,
i

&= %iw (u—iu)——f(u,u) (1.13)

w 2w



1.2 Duffing Equation
which, upon using (1.10), becomes
. i - _
é‘=twé‘—%f[c+§,m)(C—§)] (1.14)
Next, we consider different polynomial forms for f.
1.2
Duffing Equation

The Duffing equation is
i+ o’u=au’

so that, in this case, f = au’ and (1.14) becomes

: ) i 213
_ _ 1.
E=int- 2 (c+0) (1.15)
We introduce a near-identity transformation from & to # in the form
E=n+h(nn) (1.16)
and obtain

. . oh ., dh. i«
n=iwon+ioh——n——n—

-\ 3
w5 20 (17 +h+i+ h) (1.17)

Because the nonlinearity is cubic, we assume that h is third order in # and #; that
is,
h= A1+ Ay + Asyip? + Aqip? (1.18)

and choose the /1; so that (1.17) takes the simplest possible (normal) form.

In the first step, we eliminate 7 and # from the right-hand side of (1.17). This
task is accomplished by iteration. To the first approximation, it follows from (1.17)
that

7=iown and % =—iw] (1.19)
Next, we replace # and # on the right-hand side of (1.17) using (1.19), use (1.18),
keep up to third-order terms, and obtain
a 3ia 3a
7= ion—io (241 + — | p® — =52 + i (245 — — | n#?
n=1iwn lw( 1+2w2)77 2w’7’7+m)( 3 2w2)’7’7

. a '\ .3
+iw (4/14 — Z_cuz) 7 (1.20)

9
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Next, we choose A1, A3, and A4 to eliminate the terms involving 73, n7?, and 73;
that is,

a 3a a
M=—, A3=—, Ay=— 1.21
! 40? P 4w? " 802 (1.21)
However, because /1, does not appear in (1.20), the term involving 1%# cannot be
eliminated; it is called a resonance term. Consequently, to the second approximation,
the simplest possible form for 7 is
7= ion — 222 1.22
=ion— — .
U] n= SN (1.22)

To show that 727 is a resonance term, we find a solution for (1.22) by iteration.

To the first approximation, 7 = Ae'®!, where A is a constant. Then, (1.22) becomes
3ia - ;
N =iwn— ——A%Ae'?!
2w
whose solution can be written as
. 3a -
n = Ae'”t — —— A2 Ate'?! (1.23a)
2w

Itis clear that this expansion, which is also a straightforward expansion, is nonuni-
form for large t because of the presence of a secular term created by 7%7. Alter-
natively, we can demonstrate that the term {2 is a resonance term in the original
equation (1.15). To the first approximation, we neglect the nonlinear term in (1.15)
and find that { = Ae'®*. Then, to the second approximation, (1.15) becomes

. ) o ) _ . . s
C — lw;_ 2_ (A3e3lwt +3A2Aelwt +3AA2@ iwt +A3C 31(Ut)
o)
whose solution can be written as
£ = Aeivt — % p3gliot _ 3ia A2 Ateiot o 3a AA2p—iot
4w? 20 4m?
a - .
+ —— Al 1.23b
Y (1.23b)
It is clear that this expansion is nonuniform because of the presence of a secular
term created by 2. The other three terms proportional to A3e*®f, AA%2e~'** and
Ade™31t created by &3, ££?, and &3 do not produce secular terms and hence they
are nonresonance. Consequently, one can choose a near-identity transformation to
eliminate them.
As a second alternative, starting with the original equation (1.15), we break the
nonlinear part f(&, ¢) into two parts as

f8.8) = fil€. o)+ f(E. )

where

67iwtf1 (eiwt7 e*iwt)



1.2 Duffing Equation

is time invariant, whereas
e—iwtfz (eiwt e—iwt)
,
is not time invariant. In the present case,
_ 3 2_ _2 _
f=@+¢), A=35%%, fHL=0+302+7¢
Thus,
e—iwtfl (eiwt e—iwt) _ e—iwt (382iwte—iwt) =3
, = =
which is time invariant, whereas
e—iwtfz (eiwt e—iwt) _ eZiwt + 36—2iwt + e—4iwt
, =

which does not contain any time-invariant terms.
Substituting (1.16) and (1.18) into (1.10), using (1.21), and setting 4, = 0 be-
cause it is arbitrary yields
3a

(7 + )+ — (ni® + n’7) (1.24)

B=ntn- 402

8w?
where 7 is given by (1.22). Next, we separate the fast from the slow variations in 5
by introducing the transformation

n= A(t) eiwt
where o is the natural frequency of the system and A is a function of time, into
(1.22) and (1.24) and obtain

3ia -

A=—""A%A (1.25)

2w
, - a , _ ,
— Aetwt+Ae—to)t_ A3e3lwt+A3e—3twt
" 8w? ( )
" 3a (AZAeiwt + A_ZAe—iwt) 4 (1.26)
402 '
Expressing A in the polar form

A= %aeiﬂ (1.27)

where a and f are functions of t, we rewrite (1.26) as

u=|\a+ 3a a® | cos(wt + B aa’ cos(3wt + 3p6) + 1.28
= 602 ( ) = 3557 <Ol ) (1.28)

Substituting (1.27) into (1.25) and separating real and imaginary parts, we have

a=0 (1.29)

(1.30)

1
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In determining the normal form (1.22), we had to use an ordering scheme to
indicate the relative magnitudes of the different terms in (1.15). We based the or-
dering scheme on the fact that ¢ and  are small and hence &3, £2E, £E?, and &3
are much smaller than ¢ and &. In other words, we based the ordering scheme on
the degree of the terms. This worked well in this example, but there are many phys-
ical systems where the ordering does not follow from the degree of the polynomial
but from the presence of certain parameters in their models. We consider such an
example in the next section.

Next, we treat (1.15) by using the method of multiple scales. To this end, we
introduce a small nondimensional parameter € as a bookkeeping device and rewrite
(1.15) as

iea
2w

E=inl-——(C+8) (1.31)

Then, we seek an approximate solution of (1.31) in the form
C(tie) = Co(To, Th) + €&y (To, Th) + -+ (1.32)

where T, = €"t and

d 0 d

= 4 4+...=D Dy 4 --- 1.33

i AT, | an o e (1.33)
Substituting (1.32) and (1.33) into (1.31) and equating coefficients of like powers of
€ yields

Order (€°)

Dolo—iw&o =0 (1.34)
Order (€)

Dyl —iw& = =D& — % (Go + Eo)3 (1.35)

The solution of (1.34) can be expressed as
Co = A(Ty)e'@ o (1.36)

Then, (1.35) becomes

Dol — iwgy = —A'e"T0 — = (AT 4 342 AT
o)
+ 3AAZe T 4 A3 Th) (1.37)
Eliminating the terms that lead to secular terms from (1.37), we have

, 3ia , -
A =" QA4 (1.38)

2w



1.3 Rayleigh Equation

Then, a particular solution of (1.37) can be expressed as

a

= 4w?

; 30 o, . a - .
3,3i0T, 2,—ioT 3, —3ioT
A’e roto —+ 4._a)2AA e roto —+ wA e 1o lo (139)
Substituting (1.36) and (1.39) into (1.10), we obtain

U= Aei®t 4 Ag—iot _ 860‘2 (A3e3iwt+A3e—3iwt)
)

3 . o
o (AR AR 4 (1.40)
w

Equations 1.38-1.40 are in full agreement with (1.25) and (1.26) obtained with the
method of normal forms because T) = €t and € can be set equal to unity.

1.3
Rayleigh Equation

The Rayleigh equation is

i+ o*u=ec(i—1i) (1.41)

where € is a small, positive nondimensional parameter. Here
f=eli=5i)

and (1.14) becomes
é:iw§+%e[§—§+§wz (§—5)3] (1.42)

In this example, the ordering is not based on the degree of the polynomial, but
on the small nondimensional parameter €. Normalization is carried out in terms
of the small parameter €. In fact, the perturbation contains linear as well as cubic
terms.

Using the transformation (1.16), we rewrite (1.42) as

oh . oh. 1 _
n=iwon+ioh——n——n+—-€e|np—1n+h—h
an an 2
1, 3
50 (n—n+h—h)] (1.43)

Because the perturbation in (1.43) involves linear and cubic terms, we express h in
the form

h=e(din+ Ay + A + Aan*ii + Asnip® + Auip®) (1.44)

Moreover, to the first approximation, 77 and 7 are given by (1.19). Then, substituting
(1.19) and (1.44) into the right-hand side of (1.43) and keeping terms up to O(e),

13
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we obtain
, . , iy . 1 ) 1. 3
n=iwn+2ico|d,;+ — |+ -enp—icw |24+ =iw |7y
4w 2 6
T oo 0 I, -2, L. -3
_Eewnn—i-tew 2/13—5m) NN+ iew 4/14+€1w 7
(1.45)

We note that (1.45) is independent of 4; and A, and hence they are arbitrary.
Moreover, the terms proportional to €7 and €727 are resonance terms and hence
cannot be eliminated from (1.45). Next, we choose 4;, A4, A3, and A4 to eliminate
the terms involving 7, °, 772, and 7>, thereby producing the simplest possible
equation for 5. Thus, we have

i 1 1 1
Ay=— ' M=——iv, As=-iw, Aj=——i 1.46
1= Tt AEgier Av=ogge (149
With this choice, (1.45) takes the normal form
n=1i0n+ %67’] — %ewznzfy (1.47)

Again, in this case, we could have identified the resonance terms in (1.42) by one
of the procedures described in Section 1.2. Because the solution of the unperturbed
problem is proportional to ¢'®*, the resonance terms in

are the terms proportional to e'®* or the time-invariant terms in
e*twtf [etwt _ e*lwty i (etwt _ e*twt)]

A simple calculation shows that the term 1/2¢(§ — w?&2€) is the only resonance
term. Hence, keeping only the resonance terms in (1.42), we have

(=it +}e(6— w8+
which is formally equivalent to (1.47).

Next, we treat (1.42) with the method of multiple scales. To this end, we substitute
(1.32) and (1.33) into (1.42), equate coefficients of equal powers of €, and obtain
Order (€°)

DyGo —iw8o =0 (1.48)

Order (€)

Do —iw& = —D18o + %[Co—éo-i‘ 1w’ (50—50)3] (1.49)



1.4 Duffing—Rayleigh-van der Pol Equation

The solution of (1.48) can be expressed as
Co = A(Ty)e'@ o (1.50)
Then, (1.49) becomes
DOCl _ lwé-l — _A/ei(uTo + %Aei(uTo _ %Aefino + %a)ZA}e}i‘”TO

_ %CUZAZAeinO + %wZAAZB—inO _ %w2A3e—3ing
(1.51)
Eliminating the terms that lead to secular terms from (1.51), we have
A=

1A-10?A’A (1.52)

Letting = Ae'®* in (1.47), we obtain (1.52) because T; = et.

1.4
Duffing—Rayleigh—van der Pol Equation

The Duffing, Rayleigh, and van der Pol equations are special cases of

i+ w?u=e(uis+ a1’ + au’ i+ asui® + agiv’) (1.53)
so that

f=e(uiv+ arv® + au’0 + asuis® + asi’)

and (1.14) becomes
. i€ T, = N3 Z\2 =
E=iot—o—[ino(E -0 +a(E+E) +ion(+0) (E-F)

—w’as (& +¢) (C—E)z—iw3a4 (C—Z:”)3] (1.54)

Using the transformation (1.16), where h = O(¢), we rewrite (1.54) as

o , oh . k.
n=iwn+ioh——n——7
an a7
i€ . _ ) _ _
—Eahuww—nwaaﬂn+mﬂn—m
+ar(n+ 1) —o*as(n+3)(n—7) —io*as (n— 7)) (1.55)

where terms of O(e?) and higher have been neglected.
Again, because the perturbation contains linear as well as third-order terms, h
has the form (1.44). Moreover, to the first approximation, # and # are given by

15
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(1.19). Hence, substituting (1.19) and (1.44) into (1.55) yields

i
N =i0n+2icw (Az—}——'u)ﬁ
4w
i€ . 2 .3 2=
—ﬁ(3a1+1waz+a) as + 3iw’as) 1’y
3

1 1
+ —€un + iew —2A1——(a1+iwa2—w2a3—iw3a4) n
2 202

1
+iew [2/13 ~ a7 Bar—iwa; + w’as — 3iw3a4)] ni?
a)

1
+iew [4/14—2—w2(a1—iwa2—w2a3 + iw3a4)] 7’ (1.56)

We note that A4, and /A, do not appear in (1.56) and hence they are arbitrary and
the terms 7 and 7?7 are resonance terms. To produce the simplest form for (1.56),
we choose A4, A1, A3, and A4 to eliminate the terms involving 7, 173, 772, and 73;
that is,

i

4,=-2 (1.57)
Aq =123 (a1 +iwa; — w’as —iway) (1.58)
A3 = ﬁ@al—iwaz—i—wzm—}iw}a‘;) (1.59)
Ay = & (a1 —iwa; — 0’as + io’ay) (1.60)

With these choices, (1.56) assumes the simple form
. 1 ie . 2 ;3 25
n= m)n—i—ie/tn—%(hxl—i—twaz—i—w a3+ 3iw a4)77 n (1.61)

Again, we did not have to go through the lengthy algebra to arrive at the normal
form (1.61). Because the solution of the unperturbed problem (1.54) is proportional
to ¢'!, we could have replaced ¢ with e'®! in the perturbation and identified the
terms proportional to ¢'®*. In this case, they are

1 i _
EG/AC — % (Bar +iwa; + w’as + 3iw’ay) §7E

Hence, keeping only the resonance terms in (1.54), we obtain the normal form

. ) 1 i€ . .
C=1iw + §6ﬂ§ ~ 5% (3a1 +iwa; + wlas + 3la)3a4) g2

which is formally equivalent to (1.61).



1.5 An Oscillator with Quadratic and Cubic Nonlinearities

1.5
An Oscillator with Quadratic and Cubic Nonlinearities

We consider free oscillations of a single-degree-of-freedom system governed by
i+ o’ut+out+au’=0 (1.62)

To keep track of the different orders of magnitude, we use a nondimensional pa-
rameter € that is the order of the amplitude of oscillations and hence rewrite (1.62)
as

i+ w*u+edu? +fauv’ =0 (1.63)
Thus, f = —edu? — e2au’ and (1.14) becomes
i€d 2a =
R (S el (I (164)

In the next section, we use two successive transformations to produce the normal
form of (1.64). In Section 1.5.3, we use a single transformation to produce the
same normal form, and in Section 1.5.2, we use the method of multiple scales to
determine a second-order expansion of (1.64).

1.5.1
Successive Transformations

To simplify the O(¢) terms in (1.64), we introduce the near-identity transformation

E=mn+ehi(n,7) (1.65)

and rewrite (1.64) as

ohy . ohy . 1€0
n-zwn—i—tewhl—ea—nl 87’177-‘1-2—(77-{-7]4-6’114-611)
;2
+ L) (1.66)
2w

The form of the O(¢) terms suggests choosing h; in the form

h = Ln” + Lini + i (1.67)
It follows from (1.66) that

7=ion+ O) and # =—iwi+ O(€)

so that to O(e) (1.66) becomes

. . 0 0 _
n=ion+tieo|\-I1+-— n?+ieo L+ — | ni
2w w?

+ iew (31*3 + zi) i+ O(e?) (1.68)

17
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The simplest possible form for (1.68) corresponds to the vanishing of the terms
involving 52, i}, and #%2; that is, choosing I, I3, and I} to be

) ) )
nN=—, IhHh=——, 1 =—— 1.69
' 20?2 2 w? ’ 6w? (1.69)
Then, (1.68) reduces to
1 =iwn+ O (1.70)

Substituting (1.67) into (1.66) and using (1.70) to eliminate # and 7, we obtain
;2

. i€ 3 2075 g 25 =2
_ _ _ e (171
7l 1wn+2w[a(n+n)+3wz(iy + 7 =59 —597) [+ (1.71)

Next, we introduce a near-identity transformation from # to § in the form

P&+ (6 8) (1.72)
and obtain
L . 2 28_h2' _ 28_112;
E§=iwé +ic‘why —¢ 9E € 0E
= - 26? z z E
+%|:a(§+§)3+m(53+§3—5525—5552)]+"' (1.73)

The form of the O(e?) terms suggests choosing h, in the form

hy = A18° + A,8%8 + A3EE% + A,E° (1.74)
It follows from (1.73) that

E=inE+0() and &=—iwk+ O() (1.75)

Therefore, substituting (1.74) and (1.75) into the right-hand side of (1.73) and keep-
ing terms up to O(e?), we have

. 2
E=iw& + it (—2/11 + ¢ + 6_) 53

2% 3wt
) a 02\ - ie? 1002 -
wicto (it g+ ) B 3 (0= 0 ) €8

3a. 502

;2
241 — - —
+ 1€ w( 3+2a)2 30¢

)§§2+--- (1.76)

We note that (1.76) is independent of A, and hence it is arbitrary and the term &2&
is a resonance term. Equation 1.76 takes the simplest possible form if

a 0? 3 502 a 0?

AN=— 4% pg=—Z27 pg=—
1= 402 T 3 40?2 " 6ot ¢ 8w 120*

(1.77)
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Then, (1.76) becomes

s ie? 1062 5z
13 _1w§—|—ﬁ(3a— 3w2)§ E4 .- (1.78)

Substituting (1.65) into (1.10), we have
W= L+ L=+ i+ eh (,0) + el (7, 7) (1.79)

Then, substituting (1.72) into (1.79) yields
u=E+&+eh (§&) +eh (5,8)+- (1.80)

Substituting for h; from (1.67) into (1.80) and using (1.69), we obtain

_ P S
U= E+E+ —— (E2—6EE + &) 4 (1.81)
3w
Substituting the polar form
5 — %aei(wt-i-ﬂ)

into (1.81), we find that

2

0
u=acos(wt+ p)+ o
6w?

[cos Qwt +2B) — 3]+ --- (1.82)

Substituting the polar form into (1.78) and separating real and imaginary parts, we
have

a=0 (1.83)

ap = et (3a 50° ) (1.84)

8o 120°

Equations 1.82-1.84 are in full agreement with those obtained by using the method
of multiple scales, as shown in the next section.

1.5.2
The Method of Multiple Scales

Using the method of multiple scales, we seek a second-order uniform expansion
of the solution of (1.64) in the form

2
(i)=Y €"Cu(To, Ty, To) + - (1.85)

n=0
where T, = €"t. In terms of these scales, the time derivative becomes

d 0
- D D ’Dy+---, D,=— 1.86
dt oTemTe 0T, (1.80)

19



20

1 SDOF Autonomous Systems

Substituting (1.85) and (1.86) into (1.64) and equating coefficients of like powers
of €, we obtain

Order (€9)
Dolo —iw&o =0 (1.87)
Order (€)
. i0 =2
DG —iw& = —D1Go + ﬁ(§0+ %o) (1.88)
Order (¢2)

D&y —iw& = —Dy8 — D1&y + % (Co + Eo) (& + 51) + % (Go + éo)3
(1.89)

The general solution of (1.87) can be expressed as
Zo=A(Ty, o) et@™ (1.90)

where A is an undetermined function of T; and T, at this order; it is determined
by eliminating the secular terms at the next orders of approximation.
Substituting (1.90) into (1.88) yields

) 10 ) _ _ )
L%Cl—iwgl=~—DLA€wR4—%;(A%“wn-+2AA4—A%’“wR) (1.91)

Eliminating the terms that produce secular terms in (1.91) demands that D; A = 0
or A = A(T;). Then, the solution of (1.91) can be expressed as

2 iy A2
&= %621(07‘0 _ (S(I:;ZA _ %e*leTo (1.92)
where the solution of the homogeneous equation has not been included so that
the amplitude of the term at the frequency of oscillation is uniquely defined by the
zeroth-order solution (1.90). We note that the coefficients in (1.92) are the same as
the I defined in (1.69).
Substituting (1.90) and (1.92) into (1.89) and using the fact that D;A = 0, we

have

1062
3w?

) 1 _
D@rdwgz—mAW%+z—Ga— )MAW%+NH (1.93)
w

where NST stands for the terms that do not produce secular terms. Eliminating the
terms that produce secular terms from (1.93), we obtain

j 1062 -
mA=§—Ga—3Z)MA (1.94)
w w
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Putting £ = Ae'®’ in (1.78) and using the fact that D,A = €2d A/dt, we obtain
exactly (1.94).

We note that, for a uniform second approximation, we do not need to solve for &,
but we only need to inspect (1.93) and eliminate the terms that produce secu-
lar terms. Similarly, to determine a uniform second approximation by using the
method of normal forms, we do not need to determine h; in (1.72), but we need
only keep the resonance terms in (1.73).

1.5.3
A Single Transformation

Instead of using successive transformations to produce the normal form of (1.64),
one can formulate the process as a perturbation method. Thus, we expand ¢ in a
power series of € in terms of a new variable # in the form

C=n+eh(n7)+eh(n,7)+- (1.95)

i =iwn +egi (n,79) + g2 (,7) + -+ (1.96)

where hy and h; are smooth functions of # and 7 and g; and g, contain all of the
resonance and near-resonance terms. Substituting (1.95) and (1.96) into (1.64) and
equating coefficients of like powers of ¢, we obtain

, oy _ 0y id .y
o —h) = 1.9
gler(na77 naﬁ 1) w(n+n) (1.97)
. 8]12 _8]12 o 8]11 _ 8]11 i(X _\3
gz-l-zw(n o _7781'7 —hz) =8 an — 81 o7 +2a) (n + 1)
id ) _
+ =+ 7) (b1 + ) (1.98)
w

Equations 1.97 and 1.98 are the so-called homology equations for hq and h,.

Next, we need to determine g; and hq from (1.97). In order that hy be nonsin-
gular (smooth), we choose g; to eliminate all of the resonance and near-resonance
terms; otherwise, hy will be singular (i.e., have secular terms) if there are resonance
terms and near singular (i.e., have small divisors) if there are near-resonance terms.
In the present case, there are no resonance terms in (1.97). To see this, we note
from (1.96) that 7 = Be'®! and hence the perturbation terms on the right-hand
side of (1.97) contain terms proportional to e*2/** and a constant. Because none of
these terms is proportional to e'®!, which is the solution of the first-order problem
in (1.96), there are no resonance terms. If we are in doubt, we seek a function h,
that can be used to eliminate all of the perturbation terms. If we are successful in
finding a smooth function h; that eliminates all of the perturbation terms, then
g1 = 0. Otherwise, we choose g; to eliminate all terms that produced the trouble-
some terms (i.e., singular and near-singular terms) in h;. Because the perturbation
terms are of second degree, we let

hy = Ip? + Ly + Ti? (1.99)
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choose I, I3, and T3 to eliminate id(57 + #7)?/2w and obtain (1.69). Because the
obtained I, are regular, there are no resonance terms and g; = 0.
Substituting (1.99) and g; = 0 into (1.98) and using (1.69), we obtain

o ok, oy T
gz-l-zw(nﬁ—nﬁ—hz)—m(ﬂ‘f"?)(’? + 7% — 6n7])
L 1.100
5 1t (1.100)

As stated earlier, we do not need to determine h;, and all that we need is to inspect
(1.100) and choose g, to eliminate all of the resonance and near-resonance terms.
Again, because 7 « ¢'®!, only the term proportional to 7% is a resonance term.
Hence, choosing g, to eliminate this term, we obtain

. 2
g = (3a 100 );7277 (1.101)

~ 20 Y'Y

Substituting (1.95) and (1.99) into (1.10) and using (1.69), we obtain

_ €0 _ _
=040+ 55 (1" + 07— 6nip) + - (1.102)

Substituting for g, from (1.101) into (1.96) and using the fact that g; = 0, we have

i 2

L € 1002\ ,_
n:twn—i—% 3a—3w2 nng+--- (1.103)

in agreement through second order with the expansions obtained in Sections 1.5.1
and 1.5.2.

1.6
A General System with Quadratic and Cubic Nonlinearities

We consider free oscillations of a single-degree-of-freedom system governed by

i + w?u + € (01u? + 0,11%)

+ € 2uin+ aru + aui + asui® + ayi’) = 0 (1.104)
so that

f=—e(01u? + 8,0%) — €* 2ui + aru’ + aru’is + asui? + a4ir’)
(1.105)
We note that a small nondimensional parameter € has been introduced as a book-

keeping device. The quadratic terms have been ordered as O(e), whereas the cubic
terms and the linear damping term have been ordered as O(e?). Then, (1.14) be-
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comes

E=iot+o-[01(6+0) =002 (6= ] -etu(t-F)
1 e+ 8 +iom (c+ ) (6~ )
20 L7 :
—0as (E+ &) (E—E)’ —iwPas (C - 5)3] (1.106)

Asin Section 1.5.3, we seek an expansion for (1.106) in the form (1.95) and (1.96),
equate coefficients of like powers of €, and obtain

. oh _dh i _ _
I (nﬁ _pih_ hl) = L [01 0y + iV — 0007 (n — )]

an 2w
(1.107)
. dh, _dh, ohy  _ 0 _
2 522 )= g _
g t+iw (77 PP Ui o7 z) g1 PP g1 o7 wln—n)

£ L[o0tr ) (4 R2) = 0202 07— 2) (b = ) |+ e + 2
Yag (g —7)’ = was (n +7) (7 — )]
(1.108)

P } o
+ 5 [iway(n+7) (n—1)—iw
w

The right-hand side of (1.107) does not contain resonance or near-resonance terms,

and hence we put g; = 0, seek h; in the form (1.99), and obtain

=26—wlz—%(§2, F2=—%—(§2, F3=—%+%(§2 (1.109)

Because all of the I, are regular, our conclusion that there are no resonance or

near-resonance terms in (1.107) and hence g; = 0 is justified a posteriori.
Substituting (1.99) and (1.109) into (1.108) and using the fact that g; = 0, we

obtain

I

, doh, _dh, 2, 01 (2 =)
gz+lw(17%—7]ﬁ—hz)=—§lézw(m—52)(ﬂ—ﬂ)(ﬂ —’)

10 0 0
=i i [ (o= o) 24 ) 6 (5 4+ 02) |

+—[a1(p+7) +iwaz (n+7) (9 — 7) — ?as (n + 7) (n — )

(1.110)

i

20

—iotas - 7)) + -
Inspecting the right-hand side of (1.110), we conclude that the terms proportional
to n and 17277 are the only resonance terms and there are no near-resonance terms.
Consequently, choosing g, to eliminate the resonance terms, we obtain

; 2
g = —un+ ﬁ [3(11 + w’as — % (Sw—ézl 45010, + 26§w2)

+io (a; + 3w2a4)] n’i (1.111)
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Substituting (1.95) and (1.99) into (1.10) and using (1.109), we obtain

_ 0 1 _ 20 _
u=rn+nt+e [(3—0)12 — 562) (772 + 772) - (w_zl + 262) 7777}4—--- (1.112)

Substituting for g, from (1.111) into (1.96) and using the fact that g; = 0, we obtain
e’ 2 (502
ﬁ:iwn—ezun—ki 3a; + wlaz — = [ =L + 5010, + 2050
20 3\ w?
+io (a; + 3w2a4)] n’q (1.113)
To compare the expansion (1.112) and (1.113) with that obtained by using the
method of multiple scales (Nayfeh, 1984), we substitute the polar form

n = lae@rth) (1.114)

in (1.112) and (1.113) and obtain

1 0 0
u=acos(wt+ f) + —ea’ L4, cos Qwt +2p) —3 Lis,
6 w? w?
T (1.115)
where
a=—cua— i’ (az+3w’as)a’ + - (1.116)

2

. 2 (56
af = 86— [3(11 + w?az — = (—21 + 5810, + 26%w2)] a’+.. (1117)
W 3\ w

which is formally equivalent to that obtained by using the method of multiple
scales.

1.7
The van der Pol Oscillator

In this section, we construct a second-order approximation of the normal form of
the van der Pol oscillator

i+ wlu=¢e(1—u’)i (1.118)

Using the transformation (1.10), we rewrite (1.118) as

=it +3iec-0)[1-(C+)7] (1.119)
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1.7.1
The Method of Normal Forms

As in the preceding two sections, we seek a second-order expansion of (1.119) in
the form (1.95) and (1.96), equate coefficients of like powers of €, and obtain

, dhy  _ oy 1 _ o1 _ L _
L p = I _ _ - 3 25 22, =3
g“”‘”("an 57 1) S =)= (i’ + ' —n"n =7’
(1.120)
, dh, _dh, dhy _ dhy 1 -
— = —h|=-g——-gi— +=(h—h
g2+lw(nan o 2) %90 " 8% +2( ! 1)
3, _ Sl - 1, 3 -
= S0k =i =) = ST+ ST+ S0 (1.121)
Choosing g; to eliminate the resonance terms in (1.120), we have
g =1n—1y’p (1.122)
Then, we seek h; in the form
hy = A1q) + A + A + Az (1.123)
Substituting (1.123) and (1.122) into (1.120) yields
Qiwd; — 1) - Qiwd; + 1) n* + 2iod; + 1) ni?
+ (4iwAs+3) 7> =0 (1.124)
Hence,
i i i i
N = —— ) N1 = — ) A= — , Ny = — 1.125
' 40 ' 4o 27 4o T 8o (1.123)
Therefore,
1 1
hm=——ilnp-n*—np*— 7’ 1.126
1= = (77 n’=nint =S (1.126)
Substituting (1.122) and (1.126) into (1.121) yields
dh, _dh, i _
; g2y =—— 2y +59° +59° — 122
g2+lw(773n 55 2) Teg (21450 + 57 n'i
—2p*n —4np? + 11° 7% + 207 + 59°7° + it + 57°) (1.127)

Choosing g to eliminate the resonance terms (terms proportional to 7, 1727, and
1731?) from (1.127), we have
1
=———i(2n — 1297 + 119°7* 1.128
g = —c—i (2 —120°0 + 119°7’) (1.128)
Substituting (1.122) and (1.128) into (1.96), we obtain, to the second approximation,
the normal form

1 1
0= ion+ e (7 —n*n) - miez (27 — 1257 + 119°7?) (1.129)
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Substituting the polar form (1.27) into (1.129) and separating real and imaginary
parts, we obtain

a=1le(a—1d’) (1.130)
: 1, 3, 11,

= (1-2a24+ = 1.131
F="5¢ ( 2" +32‘1) (1.131)

in agreement with those obtained with the generalized method of averaging
(Nayfeh, 1973).

1.7.2
The Method of Multiple Scales

We seek a second-order expansion of the solution of (1.119) in the form (1.85).
Substituting (1.85) and (1.86) into (1.119) and equating coefficients of like powers
of €, we obtain

Order (¢)

Dolo —iw&o =0 (1.132)
Order (¢)

Dol —iw& = —Dio+ 3 (8o — &) — 3 (& + &5 8 — &g — &) (1.133)
Order (¢2)

Dby —iw& = —Dabo— Di&i + 3 (& — &) — 5 (388 + 28080 — &) &

-1 - 28080 — 353) &
(1.134)

The general solution of (1.132) can be expressed as in (1.90). Then, (1.133) be-
comes

DOCI _ iw;l — _DIAC”UTO + %Aeleo _ %Aefl(uTo _ %A3e3l(uTo

142 ji0To | 1A q2,—ioTo | 1 i3 —3ioT
— 1A Ao 4 LAQZeTIOT 4 1 B30T (1.135)

Eliminating the terms that lead to secular terms from (1.135) yields
DiA=1(A-A’A) (1.136)

Then, the solution of (1.135) can be expressed as

i — . . . - .
Gi=g- (—2Ae7H T 42T £ 2AA%eTIOTO 4 APeTPIOT0)  (1137)
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Substituting (1.90), (1.136), and (1.137) into (1.134), we have

Dgrdwg=_mAw%—ﬂ}pA—nMA+nMﬁhm%
w
+ NST (1.138)

Eliminating the terms that lead to secular terms from (1.138) yields

DA = —
2 16

— [2A-12A24 + 114’ 27] (1.139)
w

Using the method of reconstitution, we obtain from (1.136) and (1.139) that
. 1 _ 1 _ _
A=Se(A—a2A) - e 24— 12424+ 114 2] (1.140)
w

Letting § = Ae'®* in (1.129), we obtain (1.140), which means that the results ob-
tained with the methods of normal forms and multiple scales are the same.

1.8
Exercises

1.8.1 Use the methods of normal forms and multiple scales to determine the nor-
mal forms of

a) i+ wlut+an’=0,
b) il + w*u+ auti =0,
q i+ w*u+aw’ =0,
d) it + 0*u+ av’i? =0,
e) il + wlu+ei’ =0.

1.8.2 Use the methods of multiple scales and normal forms to construct a second-
order approximation to the normal form of

i+ w?u+ aud +2uvti =0
1.8.3 Use the methods of multiple scales and normal forms to construct a first-
order approximation to the normal form of

i+ o’u+autii=0
1.8.4 Use the methods of normal forms and multiple scales to construct a second-
order approximation to the normal form of

i+ o’u+a(n—1u’)=0

27
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1.8.5 Consider the equation
¥4+ x+3xr+2¢3 =0

Determine the equilibrium points. Determine, to second order, the normal form
of the system near each of these equilibrium points.

1.8.6 Consider
¥4+x+ax?+2x>=0

Show that there is only one equilibrium point when a < 2+/2 and that there are
three equilibrium points when a > 2+/2. Determine, to second order, the normal
forms near the equilibrium points.

1.8.7 Consider

=0

x—i—x—l_x

Show that there is only one equilibrium point when a < 1/4. Determine, to second
order, the normal form near this equilibrium point.

1.8.8 Consider

¥—3x 4 x> =2
Determine the equilibrium points and the normal forms near them.
1.8.9 Consider

i—u+ut=0
Determine the equilibrium points and the normal forms near them.
1.8.10 Consider

¥—-2x—x4+x*=0
Determine the equilibrium points and the normal forms near them.

1.8.11 Consider

R B
R T

Determine the equilibrium points and the normal forms near them.

1.8.12 Use the methods of multiple scales and normal forms to determine a first-
order uniform expansion for the general solution of
- 4sin’ 0 .
0+ w?sin + —————0 =0
14 4(1 —cos 0)

for small but finite 6.
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1.8.13 Consider the equation

Ut
1—u

=0

- 2
U+ wyu + 2

Use the methods of multiple scales and normal forms to determine a first-order
uniform expansion for small u.

1.8.14 Consider the equation
(1471 —2rlcos0) 6 + rlsin06° + glsin® =0

where g, r, and | are constants. Determine a first-order expansion for small but
finite 6 by using the methods of multiple scales and normal forms.

1.8.15 Consider the equation

(512 +r0%) 0 + 106" + grfcosf =0
where r, |, and g are constants. Determine a first-order uniform expansion for small
but finite 6 by using the methods of multiple scales and normal forms.

1.8.16 The motion of a simple pendulum is governed by

é—i—%sin@:o

Use the methods of multiple scales and normal forms to determine a first-order
uniform expansion for small but finite 6.

1.8.17 Consider the equation
0 =0Q%sin6cos — £sino
Use the methods of multiple scales and normal forms to determine a first-order
uniform expansion for small but finite 6.
1.8.18 The motion of a particle on a rotating parabola is governed by
(14+4p*x?) % + Ax +4p*%” =0

where p and A are constants. Use the methods of multiple scales and normal forms
to determine a first-order expansion for small but finite x.

1.8.19 Consider the equation

1+”—2 ﬁ+u—uz+w2u+§L—0
1—u? (1— u?)? L V.

Use the methods of multiple scales and normal forms to determine a first-order
expansion for small u.
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