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Solutions to the Exercises of Chapter | (Complement K)).
Waves and Particles. Introduction to the Fundamental Ideas
of Quantum Mechanics

1.1 Interference and Diffraction with a Beam
of Neutrons

Statement

A beam of neutrons of mass M, (M,, ~ 1.67 X 107’ kg), of constant velocity and
energy E, is incident on a linear chain of atomic nuclei, arranged in a regular fashion
as shown in the figure (these nuclei could be, for example, those of a long linear
molecule). We call [ the distance between two consecutive nuclei, and d, their size
(d < I). Aneutron detector D is placed far away, in a direction which makes an angle
of # with the direction of the incident neutrons.
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|
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a. Describe qualitatively the phenomena observed at D when the energy E of the
incident neutrons is varied.

b. Thecounting rate, as a function of E, presents a resonance about E = E;. Knowing
that there are no other resonances for E < E;, show that one can determine .
Calculate [ for § = 30° and E, = 1.3 x 1072 joule.

c. At about what value of E must we begin to take the finite size of the nuclei into
account?

Comments
In this exercise, we will exploit wave-particle duality and liken this experiment to
one very similar in which light passes through a grating.

Light is naturally described in terms of (electromagnetic) waves, but wave-particle
duality allows us to also describe it as a beam of photons. Let us therefore imagine
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a beam of light (of wavelength A) arriving on a grating comprised of wires of width
d and spacing [ and picture the diffracted light or the probability of arrival of the
photons on a screen placed at infinity.

Each wire creates a diffraction pattern, the characteristic angle governing the size of

each diffraction spot is O4graction = 7

The various waves that are diffracted by the wires are coherent with each other

and can hence interfere. The characteristic angle for interferences is around
A

ainterferences = 7

Since [ > d, the diffraction pattern is larger than the interference pattern. Inter-

ferences, therefore, appear as a modulation of the light intensity within each

diffraction spot.

In this experiment, the beam is made up of neutrons that we assume to be inde-
pendent of each other. We must therefore reason by analogy with the beam of light.
Here, the grating is substituted by a linear chain of atomic nuclei.

Wave-particle duality is a difficult reality to comprehend. The notion of wave pack-
ets, limited in space (the coherence length in wave optics, i.e. for photons) and time,
helps us to visualize this process: the wave packet associated with each particle (here
neutrons) can diffract and interfere, by passing through several slits at once.

Solution

A beam of neutrons of mass M, (M, ~ 1.67 x 107?7 kg), of constant velocity and
energy E, isincident on a linear chain of atomic nuclei, arranged in a regular fashion
as shown in the figure (these nuclei could be, for example, those of a long linear
molecule). We call [ the distance between two consecutive nuclei, and d, their size
(d < ). Aneutron detector D is placed far away, in a direction which makes an angle
of 6 with the direction of the incident neutrons.

a. Describe qualitatively the phenomena observed at D when the energy E of the
incident neutrons is varied.

We assume the neutrons are free neutrons. Each neutron exhibits wave-like
behavior. In a similar way to what is well known in wave optics, the neutrons are
diffracted by the nuclei as photons are diffracted by a grating. The corresponding
wavelength of a neutron can be calculated using:

p* _ (hk)* _ (2zh)? N 27h

= = -
2M,  2M,  2M,)\ \2M E

Assuming that the detector is placed at infinity, the angle between two consec-

~ — and the characteristic diffraction

utive interference fringes is 6, ferences ;

angle due to a single slit iS 0igact0n = 3 Increasing the energy E, therefore,

leads to a decrease in wavelength A and the interference fringes move closer
together as for the diffraction pattern of light. Conversely, decreasing E increases



1.2 Bound State of a Particle in a “Delta Function Potential”

the wavelength A and the interference fringes move further apart. By varying
E, the scale of interference and diffraction changes but not the overall aspect.
Their relative position is still the same.

b. The countingrate, as a function of E, presents a resonance about E = E;. Knowing
that there are no other resonances for E < E;, show that one can determine 1.
Calculate  for 6 = 30° and E; = 1.3 x 1072 joule.

The path difference between two consecutive “slits” is 6 = I'sin 8, and a resonance
will occur for 6 = n\ with n € Z. Hence:

2rnh V2M,E,

Isinf = nh=n——= < n=1Isind
\/2M,,E, 27h
according to the results from question a. As there is no other resonance for E < E,
the first resonance occurs for E = E, and so n is minimal and equals 1. We deduce:

Ising= 221 o= 27h 54

\/2M,E, \/2M,E; sin 0

c. At about what value of E must we begin to take the finite size of the nuclei into
account?

The finite size of the nuclei must be taken into account once A ~ [, which
corresponds to energies such that:

p_ @ @an? B

2M)2 2M 2 4

since
_ (2rh)? 42z h)?
2Mnlzsin29 2M, 1>

1

1.2 Bound State of a Particle in a “Delta Function
Potential”

Statement
Consider a particle whose Hamiltonian H [operator defined by formula (D-10) of
Chapter I] is:
n d
M= "omge W
where « is a positive constant whose dimensions are to be found.

a. Integrate the eigenvalue equation of H between —e and +¢. Letting € approach
0, show that the derivative of the eigenfunction ¢(x) presents a discontinuity at
x = 0 and determine it in terms of a, m, and ¢(0).

b. Assume that the energy E of the particle is negative (bound state). ¢(x) can then
be written:
X<0 @@x)=Ae”+Ae ™

x>0 @) =A e +Ale ™

3
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Express the constant p in terms of E and m. Using the results of the preceding
question, calculate the matrix M defined by:

()= (%)

Then, using the condition that ¢(x) must be square-integrable, find the possible
values of the energy. Calculate the corresponding normalized wave functions.

c. Plot these wave functions on a graph. Give an order of magnitude for their
width Ax.

d. What is the probability @(p) that a measurement of the momentum of the par-
ticle in one of the normalized stationary states calculated above will give a result
included between p and p + dp? For what value of p is this probability maximum?
In what domain, of dimension Ap, does it take on non-negligible values? Give an
order of magnitude for the product Ax - Ap.

Comments

This exercise deals with a “limited” potential: an infinitely deep well, but infinitely
narrow, a Dirac well. (Beware: the Dirac function is not dimensionless, hence the
dimensional analysis question in the preamble.)

Before starting to solve this exercise, it is important to enquire what the application
of classical mechanics to this situation would yield. Since the particle energy is nega-
tive, classical mechanics dictates that the particle stay trapped in the Dirac potential
well, so is localized at x = 0 in a bound state.

Let us now adopt a quantum approach. This Hamiltonian yields very interesting
results and interpretations using straightforward calculations in terms of very few
different spatial zones, meaning that there are fewer A; constants to determine.

However, the interface conditions (or continuity conditions) either side of the well
are not known a priori. They must therefore be established by starting with a known
and finite situation (question a).

The rest of the exercise is based on the usual approach and constitutes a superb
exercise for implementing fundamental notions of quantum mechanics and addi-
tionally offers an interpretation of analytical results.

Solution
Consider a particle whose Hamiltonian H [operator defined by formula (D-10) of
Chapter I] is:

where « is a positive constant whose dimensions are to be found.
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The Hamiltonian H is the total energy operator (since Hg(x) = E@p(x)) whose
+oo
dimensions are thus an energy. In addition, we know that S(x)dx =1, and

6(x) has dimensions of inverse length. The « constant, thelreforfg,oo has dimensions of
an energy multiplied by length and corresponds to the area under the curve of the
delta function.

a. Integrate the eigenvalue equation of H between —e and +¢. Letting € approach
0, show that the derivative of the eigenfunction ¢(x) presents a discontinuity at
x = 0 and determine it in terms of «, m, and ¢(0).

The eigenvalue equation of H is:

3 n2 d’p(x)
Ho®x) = Ep(x) & -2 ——

— a6(x)p(x) = Ep(x)

Integrating this equation between —e et +¢ yields:

+e 32 +e +e
nor e, / 50)p(x)dx = E / P(0)dx

T 2m e dx? .
2 [de(+ do(— te
a2 (”éxf)]_a(p(m:];/ P0odx
do(+ do(— 2 2mE [*¢
SUOHD _SPCD) _ _2ma ) - 2 / PO

Letting € approach 0, we find:

. |de(+e)  de(-¢) 2ma
1 - =— 0
lim | —~ i e »(0)
and the derivative of the eigenfunction ¢(x) presents a discontinuity at x =0
1t 2ma 0
equa O—F(p( ).

b. Assume that the energy E of the particle is negative (bound state). ¢(x) can then
be written:

xX<0 @) =Ae*+Ae ™
x>0 @) =A™ +Ale ™

Express the constant p in terms of E and m. Using the results of the preceding
question, calculate the matrix M defined by:

(%)-(%)

Then, using the condition that ¢(x) must be square-integrable, find the possible
values of the energy. Calculate the corresponding normalized wave functions.

Thanks to the relation established in the preceding question, the wave functions
either side of the Dirac well can be calculated, without the knowledge of an
expression for the function in the well. This way, we avoid introducing two

5
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additional constants that are necessary in a well of finite depth and width.

Let us set:
xX<0 @x) =A™+ A

x>0 @) =Ae” +Ale ™

with p = 4 / _ZFZLE since the eigenvalue equation of H, for x < 0 and x > 0, is:

n2 d>p(x) d’p(x) —2mE
—— — E = — — —
2m  dx? ¢ =0 dx? h? o) =0
dopx
& % - pPp(x) =0

as we assume E < 0. Firstly, the function ¢(x) is continuous at x = 0, so:

@I(O) = §0H(0) @Al +A/1 =A2 +A’2

) presents a dis-

Secondly, according to the results of the previous question,

continuity at x = 0 equal to — Z;Y;a @(0), so:

de;(0)  dei(0) 2 2
;C _ de =_";“¢(0)@p(A2—A;—A1+A§)=—%(Aﬁfli)

Hence
A, + A=A +A]

Ny
A= <1+m>,4’1
p

27 on2 h2
Finally,
1 e ma
(A2 ) B ph? ph? A,
AL )| me g me oA
2 oh? o 1

and the expression of matrix M such that

()= (%)

is

_ e _ma
B ph? ph?
M= ma ma

—_— + —_—
ph? ph?
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In order to be square-integrable, ¢(x) must be bounded when x — +o0, which
implies A} = A, = 00

1 e ma
( 0 >= ph? ph? A
A ma | oma |
: ph? ph?

which implies the two conditions:

mao
ﬁ ZIaHdA; =A1 =A

The possible energy values are given by:

_ma _ [Z2mE  -2mE _ m2a? o Eo _ma?
P2 =\ w 2 n 20

2
and there is a unique bound state whose energy is E = — m_aZ. The value of A can

be calculated using the normalization condition of the eigenfunction ¢(x):

0 +c0
/ |(/71(x)|2dx+ / |(/711(x)|2dx =1
- 0

0

0 +o00
o |A|2/ e dx + |A|2/ e Pdx =1
- 0

=1®A=\/;ei‘/’=1/%ei"’

Setting ¢ = 0 so that A is real and positive, there is only one normalized wave
function such that:

mao mne
x<0 (pl(x)Zwlﬁe"Zx

moa _mn
x>0 (Pn(x)=\/ﬁe wx

which can be written in a simplified form:

o) = [o5e

The functions ¢;(x) and ¢ (x) are both decreasing exponential functions since
E < 0. It is indeed a bound state, the probability for the particle to be found at
infinity is vanishing, and it stays in the vicinity of the Dirac well and nominally
explores the zone that is “forbidden” by classical mechanics.

1 1
_+_

=% D
P 2p

. Plot these wave functions on a graph. Give an order of magnitude for their
width Ax.

The wave function determined in question b is represented in Figure 1.1.
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o(x)

S

0

Figure 1.1 Graphic representation of the wave function determined in question b.

Defining Ax as the full width at half maximum, we find:

_ 1 /ma Ima _,x 1 [ma _ _In2
(D(X)—E ﬁ@ ﬁeﬂ —E ﬁé—plxl——ln2©|x|—7

and therefore

2ln2 139 1
p

p p

Ax =

This result is consistent with the idea that the particle only explores the “forbid-
2

den” zone over a distance of the order of 1_ L (the dimensional analysis of p
p  ma

shows it to be an inverse length).

d. What is the probability @(p) that a measurement of the momentum of the par-
ticle in one of the normalized stationary states calculated above will give a result
included between p and p + dp? For what value of p is this probability maximum?
In what domain, of dimension Ap, does it take on non-negligible values? Give an
order of magnitude for the product Ax - Ap.

The eigenfunction in momentum space is the Fourier transform of the eigenfunc-
tion in position space, i.e.

1 +00 )
P0) = / (e P/ dx

2 oo

-

0 +c0
= / (Pl(x)e_ipx/hdx + ! / 4011(x)e_ipx/hdx
_ 0

2z 0 \V2zh
0 A +o0
— / epxe—ipx/hdx + / e—pxe—ipx/hdx
2rh J - \2zh Jo

-]

o

0 A 400

_ / -ip/h gy 4 / o Hip/Mx gy

\2zh /-~ \V2rxh Jo

0 +00
A elp—ip/h)x A e~ (p+ip/h)x
= — + - :
i i
\V2rh p— p V2rh P+ p

h -0 h 0



1.3 Transmission of a “Delta Function” Potential Barrier

_ 2pAh?
50 = A < h h >= 1 p.

— + -
\/2xh \pPh—ip  ph+ip ok D* + pPh?

The probability W(p) that a measurement of the momentum of the particle in
the unique normalized stationary state calculated in question b yields a result
included between p and p + dp is

2
— — 1 2pAR?
47 ) = |(P(p)|2dp = (\/ﬁm> d

This probability is maximal for p = 0 for which

PR 2A2
d (0) = d
0) 2hp? p

Defining Ap as the full width at half maximum of @(p), we find
1 2pAR? >2 _A?
ah p2 + p2h2 ﬂ-hPZ

2p%A%h* A?

nh(pz +p2h2)2 - rhp?
o (pz + PR2? = 2p*nt

ep=(V2-1DpPR ep=+\V2-1pn
Ap =2\ V2 — 1ph ~ 0.644ph ~ ph

We finally find:
Ax-Ap~nh

_ AZ

hence

which is of the order of magnitude of the Heisenberg limit. The fact that
Ax - Ap ~ h shows that this problem is only solvable quantum mechanically,
since the particle explores an area in space, outside the Dirac well, which is
“forbidden” by classical mechanics. Trying to localize the particle within the
Dirac peak, i.e. the “authorized zone” according to classical mechanics, is
not compatible with Heisenberg’s principle, which is at the heart of quantum
mechanics.

1.3 Transmission of a “Delta Function” Potential Barrier

Statement

Consider a particle placed in the same potential as in the preceding exercise.
The particle is now propagating from left to right along the Ox axis, with a positive
energy E.

9
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a. Show that a stationary state of the particle can be written:
if x<0 @) =e* +Ae ik
if x>0 @) =Be*
where k, A, and B are constants which are to be calculated in terms of the energy
. R
E, of m, and of « (watch out for the discontinuity in a(p atx = 0).
ma?
2h? B
dimensionless parameter B the reflection coefficient R and the transmission

b. Set —E; = - (bound state energy of the particle). Calculate, in terms of the

L
coefficient T of the barrier. Study their variations with respect to E; what happens
when E — o? How can this be interpreted? Show that, if the expression of T is
extended for negative values of E, it diverges when E — —E;, and discuss this
result.

Comments
This exercise follows on from exercise 2 and cannot be undertaken independently.

Unlike the previous exercise, the energy of the particle is positive, which allows the
particle to explore all of space. The particle has sufficient energy to freely move in
and outside the well.

From a classical point of view, what can be said about a beam of particles encoun-
tering a potential well? It is important to take some time to ask the question, to
(re)familiarize oneself with the classical result and thus better appreciate the sub-
tlety of the quantum result. If it is difficult to imagine a Dirac well, it is possible to
imagine one that is very narrow albeit finite.

Classical particles stemming from —oco encounter the well and enter it (increasing
their kinetic energy in doing so). They have enough energy to exit the well and then
continue to propagate toward increasing x, toward +oo (having lost the excess kinetic
energy on leaving the well). To conclude, all classical particles continue on their
path, exactly as if the well did not exist. All of them enter and exit the well, and the
energies outside the well, before or after, are the same.

The aim of this exercise is to calculate the transmission rate quantum mechanically

and to compare it with the classical result: T, ;a1 = 100%.

Solution
Consider a particle placed in the same potential as in the preceding exercise. The
particle is now propagating from left to right along the Ox axis, with a positive
energy E.

a. Show that a stationary state of the particle can be written:
if x<0 @) =e* +Ae ik
if x>0 ¢(x)=Be*
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where k, A, and B are constants which are to be calculated in terms of the energy

d
E, of m, and of a (watch out for the discontinuity in E(p atx = 0).

To the left of the potential barrier (x < 0), V(x) = 0 and the eigenvalue equation
of H is

n dex) d’*px)  2mE o) |,
“om —-Epx)=0< 2 + w2 px) =0 2 +k*p(x) =0
2
settingk = 2::—2]3 (ie.E= 5_m as for a classical particle) since we assume E > 0,

and the eigenfunction can thus be written p(x) = A’e** 4+ Ae~*~,

To the right of the potential barrier (x > 0), V(x) = 0 still holds so the eigenfunc-
tion can also be written ¢@(x) = Be** 4 B'e~*,

In addition, the particle is propagating from left to right so B’ = 0 as no reflection
is possible beyond x = 0. Without any obstacle, the particles continue their
path in x > 0, with increasing x hence B # 0, but no wave is reflected in x > 0,
in the direction of decreasing x. Likewise, we must take A # 0 to account for
any reflection on the barrier, in which case particles propagate in x <0, in
the direction of decreasing x and we can choose A’ =1 (relating to incident
particles in x < 0, propagating along increasing x) since having a normalized
wave function allows us to already fix one constant to the value of our choice.
In summary:

if x<0 @) =er+AeF
if x>0 @q(x)=Be*

with k = \ / ZZIZE. Firstly, the eigenfunction ¢(x) is continuous at x = 0, so

¢ (0)=¢;(0)=14+A=B

Secondly, the eigenfunction’s first derivative is discontinuous at x = 0 due to
the delta function, and we showed in exercise 2 that this discontinuity equals

— 2;72“ @(0). Therefore:

d(PH(O) dqu(O) _ 2ma . _ 2ma
I - i = - 2 (p(O)@lk(B—1+A)——FB

Since B=1+ A according to the continuity condition, the previous equation
becomes:

. 2ma 2ma . 2ma
2ikA = —?(1 +A) & <7 + 2lk>A = - 2
or in other words
ma ma

ma+ikh®> 0 4 ip/2mE

11



12

1 Solutions to the Exercises of Chapter | (Complement K ). Waves and Particles

which finally yields

ih\/2mE
ma + ih\/2mE

B=1+A=

2
b. Set —E; = —% (bound state energy of the particle). Calculate, in terms of the

dimensionless parameter EE’ the reflection coefficient R and the transmission

L
coefficient T of the barrier. Study their variations with respect to E; what happens
when E — «? How can this be interpreted? Show that, if the expression of T is
extended for negative values of E, it diverges when E — —E;, and discuss this
result.

The reflection coefficient of the barrier is

2 22
R=|4] = jap= M@ SN S—
1 m2a? + 2mEh? 2E* L E
1+ + =
ma? EL

and the transmission coefficient is

2Eh? B

BJ® 2 2mEh* ma? Ey
1 m2a2 4+ 2mEh? 2Eh? E
1+ I+ —
ma2 EL

It is easy to verify R + T = 1 representing the energy conservation either side of
the barrier. As the energy E is assumed positive, the forms of R and T as functions
of E are represented in Figure 1.2.

When E — oo, b@ — oo and therefore R — 0 and T — 1: if the energy is suffi-

L
ciently great to render the potential barrier negligible, then the particle crosses
the barrier as if it did not exist.

If we extend the expression of T to negative values of E, T diverges when

1+ £ 0 © E — —E;. This divergence indicates the existence of a bound
L

E

Figure 1.2 Representative curves of R and T as functions of E.
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state whose energy equals —E;, as bound states correspond to the poles of the
transmission coefficient T.

Let us now compare the quantum and classical results. We can already state that T is
not systematically 100% = T_j,qcar- This is an important result. Even if particles have
enough energy to cross the potential barrier (from a classical point of view), some are
reflected back. In quantum mechanics, a given particle of enough energy, therefore,
has a probability R to go backward, which is unimaginable in classical mechanics
given the shape of the potential. Experimentally, in very similar conditions such as a
neutron encountering a nucleus, the predictions of quantum mechanics are verified.
Particles do indeed “bounce” in a quantum manner.

If in terms of particles, this experiment seems difficult to conceive, or is at least
counter-intuitive, it is not so in terms of “waves”. A wave encountering a pane of
glass is indeed partly reflected and partly transmitted.

Finally, let us note that when E — oo, i.e. when E > E|, then T — 1, which is per-
tinent. If the barrier is insignificant, undetectable by the highly energetic particle,
then particles do not interact with the potential well and continue as before.

1.4 Bound State of a Particle in a “Delta Function
Potential”, Fourier Analysis

Statement
Return to exercise 2, using this time the Fourier transform.

a. Write the eigenvalue equation of H and the Fourier transform of this equation.
Deduce directly from this the expression for p(p), the Fourier transform of ¢(x),
in terms of p, E, a, and ¢(0). Then show that only one value of E, a negative one,
is possible. Only the bound state of the particle, and not the ones in which it
propagates, is found by this method; why? Then calculate ¢(x) and show that one
can find in this way all the results of exercise 2.

b. The average kinetic energy of the particle can be written (¢f. Chap. III):
1 +00 S 5
E = — d
v le(p)|“dp
Show that, when @(p) is a “sufficiently smooth” function, we also have:
hz +00 dz(p
E, =—-—— f(x)—=—dx
k 2m J_o v ) dx?
These formulas enable us to obtain, in two different ways, the energy E, for a
particle in the bound state calculated in a. What result is obtained? Note that, in
this case, @(x) is not “regular” at x = 0, where its derivative is discontinuous. It is
then necessary to differentiate ¢(x) in the sense of distributions, which introduces
a contribution of the point x = 0 to the sought average value we are looking for.
Interpret this contribution physically: consider a square well, centered at x = 0,
whose width a approaches 0 and whose depth V|, approaches infinity (so that
aV, = a), and study the behavior of the wave function in this well.

13
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Comments

This exercise follows on from exercise 2 and cannot be undertaken independently.
All results and comments from exercise 2 are now assumed to be understood and will
not be proven again. The approach here is more technical, but the final interpretation
should be compared with that of exercise 2.

At the end of the exercise, a final step of reasoning is proposed in order to better
comprehend the results. Once more, the case of a finite well is studied along with
its end behavior in terms of a Dirac well by taking the limit. This is an interesting
approach albeit not always easy to interpret and rather technical.

Solution
Return to exercise 2, using this time the Fourier transform.

a. Write the eigenvalue equation of H and the Fourier transform of this equation.
Deduce directly from this the expression for @(p), the Fourier transform of ¢(x),
in terms of p, E, a, and ¢(0). Then show that only one value of E, a negative one,
is possible. Only the bound state of the particle, and not the ones in which it
propagates, is found by this method; why? Then calculate ¢(x) and show that one
can find in this way all the results of exercise 2.

The eigenvalue equation of H is

n? do(x
Ho(x) = Ep(x) & _I e ab(X)p(x) = Ep(x)
2m  dx?
According to equation (38a) of Appendix I, the Fourier transform of this

equation is

e <ip )2‘(p> « / " s@emePThdx = Eg(p)
-—— \z ) - @ = Lo
2m\ h 2rh J -
that is
P ag(0)

@ =Eqp(p)
2m \V2rh
from which we can deduce

7(p) = 1 ap0) 1 2map(0)

\V2rh p_2 _E - \/Zﬂhpz —2mE
2m

However, norm conservation is a property of Fourier transforms, so

reo 2m2al@?(0) [t dp
2dp=1e —— -~ . ——
/_ @) dp zh ,/_0o (p? — 2mE)?

[oe]

1

Let us undertake a partial fraction decomposition of ———:
(p? — 2mE)?
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o If E > 0, the state is not bound, the particle can explore all of space and the
corresponding harmonic wave cannot be normalized.

e IfE<O:
1 _ 1

v ~2mE? |2 - (i\/%)zr
=<p+i«—>z<p-l«Tz
p+lm (p+l\/T)2
p—l —2mE (p—i\/%)2

We then write:

d 1
a=
((p — iv/=2mE >2>L__lm
__(p - iV—ZmEﬁL_im

A(—2mE)3/>
5o 1 ] 1

| (p — iV —2mE)? p=—i\/—2mE 8mE

hence,
1 B i 1 ~ 1
(p? —2mE)*  4(=2mEP2 \ p 4 i\/ZoamE  p—iv/—2mE
! 1 N 1
8ME \ (p +iv/—2mE2?  (p— iv/—2mE)?

1 1 1

1
= +
2(—2mE) p2 —2mE 8mE ((p + A /_ZmE)z

1
+—
(p—ivV-2mE 2>

An antiderivative of this rational fraction is thus

dp 1 p
= arctan | ———
/ (p? —2mE)? ~ 2(-2mE)3/? ( —2mE>

1 1
" 8mE <p+lm p_l\/—mE>
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/ dp 1 p 1 p
= arctan -
(p? - 2mE)?  2(-2mE)3/2 /—2mE 4mE p? — 2mE

This means that necessarily E < 0 and:

+oo 2m2a?@?(0) P
- 2
d = 1<=> =
/_ @l T T
m2a2(p2(0)
& (—2mE?¥? = —— L 7
(=2mE) 7
4/3 4/3 4/3 1/3,,4/3 4/3
oomp= P00 o m e eTR(0)
2h2/3 2712/3

because

+o0
e dp 1 p 1 p
/ 5 > = — 72 arctan T ImEy D
o (P?—2mE) 2(—2mE) \/—2mE 4mE p? — 2mE ~
T

= 2—2mEy?

By using the expression of ¢(x) found in exercise 2, we get @(0) = 4/ %, from
which we deduce:
2/3 2/3 2
430y = M7 - _mae”
@(0) s E 2
which is the energy of the bound state of the particle. We do not find excited states
of the particle when it propagates because the functions @(p), that are eigenfunc-
tions of H, are not square-integrable when E > 0 and hence are not defined. Let
us now calculate ¢(x) by inverse Fourier transform:

L [T g, — Mae(0) /+°° eirx/h
@) — [ . @(p)e*"dp wh ). p—amEP

It is not possible to calculate ¢(x) using this expression simply because the wave
function ¢(x) does not have a unique expression over all R, but two distinct
expressions, one for x < 0 and one for x > 0. We proved, in question d exercise 2,
that the Fourier transform of the wave function defined as:

if x<0 @kx)=Ae™

if x>0 ¢(x)=Ae "™

was actually:

_ 1 2pAR?
o0 =——=
2xh P* PR

Comparing to the expression

1 2mag(0)

o(p) = — 7 —omE
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we can deduce that

—-2mE m m
=\ Th = e mdA=e0=4/75

We, therefore, find the same wave function as in exercise 2 and so we can once
more deduce the same results as in exercise 2.

. The average kinetic energy of the particle can be written (¢f. Chap. III):
1 +o0 5 5
E = — d
k=5 [oo P lo)|~dp

Show that, when @(p) is a “sufficiently smooth” function, we also have:
2 +o0 2
T

These formulas enable us to obtain, in two different ways, the energy E, for a par-
ticle in the bound state calculated in a. What result is obtained? Note that, in this
case, @(x) is not “regular” atx = 0, where its derivative is discontinuous. It is then
necessary to differentiate ¢(x) in the sense of distributions, which introduces a
contribution of the pointx = 0 to the mean value we are looking for. Interpret this
contribution physically: consider a square well, centered at x = 0, whose width a
approaches 0 and whose depth V|, approaches infinity (so that aV,, = ), and study
the behavior of the wave function in this well.

We start by writing:
E,=-L / ey = - / P s
k™ 2m oo 2m J_

B hz +00 lp *_* lp _ : hz +o00
“om | <E> 7 (P)(E (P(P)dp—ﬁ[w

hz +00 d(p(x) 2
- SOV 4
2m/ dx

2

dp

e [dtp(x)]

dx

—00

using the norm conservation property of Fourier transforms, namely the
Parseval-Plancherel formula (45) of Appendix I. The last line can also be written:

_ R [T de*(x) dex)

E, =
KT om ),  dx  dx

dx

This integral can be rewritten using an integration by parts, setting:
g = 4™

u= @
dx 2
dpey 4y, _ Lo
V= dx2
Thus:
2 [, de@]™ w2 [, dPex)
Ee=o- [(p )= ]_m om | ® =2 &
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However, ¢*(x) should vanish at +co0 in order to be square-integrable, which
indeed yields the sought result:

2
= —/ p |¢(p>|2dp———/ 02 (”(x)dx

For a particle in the bound state calculated in a, we find @(x) = 4 /%e_%lxl

according to the results of exercise 2 and
1 2map0) 1 2m*%a®?

V2rh P2 = 2MmE /35 p* —2mE

according to the results of question a. Using these results as the basis for a first
line of reasoning:

1 2m3o:3
=_ 2dp = — /
/ P’lem)|*dp = s T 2mE)2 dp

2
- 3 / 2 2 dp
ﬂh (p 2mE)

o(p) =

p2

A partial fraction decomposition of ———
(p? — 2mkE)?

yields:

2 2 2

p p

(P2 —2mE) (n/—z B (p +iV=2mE)(p — iv/-2mE)>
p+l\/—2 E (p+l\/—2 E)?
p—l\/—Z E (p —iV/—-2mE)?

Then, we write:

d 2

. <(p—l\/—)2>]p__,m

[ 2p(p — iv/=2mE) - 2(p - lm)pzl
L (p — iv/-2mEy* p=—iv/—2mE
[ 2p(p — iv/=2mE) - ZPZ]
| (p-iV-2mE)y p=—iy/—2mE
_ -_ 2pi\/TmE ]
- - i\/%)g‘ p=—iv/—-2m

4mE

]
81(—2mE)3/2 41/ -2mE

5= l P’ ] _2mE _ 1
(p — iv/—2mE)? =i/ IE SmE 4
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hence
2

p

i 1 1
@ =2mE)?  4\/—omE (p +iv/—2mE  p- i\/—2mE>

1 1 1
+= +
4 ((p +ivV-2mEQ?  (p- i\/—ZmE)Z)

11 1 1 1
=+ +
2p>-2mE 4 <(p +iV=2mE? (p-iv-2mE 2)

An antiderivative of this rational fraction is thus,

2
/ > P >dp = ! arctan __P
(p* —2mE) 2v/-2mE \/—2mE

1(p+lm p—l\/l—E>

1 p 1 p
= ——  arctan -5
2¢/-2mE V—2mE/) 2p°-2mE

which gives

+oo 5 +oo
p 1 p 1 p
/ 5 E2dp= arctan [ ——— S
~ (p* —2mE) 2v/—2mE V—-2mE pr-2mE|
b

2y -2mE

and therefore:

B - m2a® o omPe® ma®
= = =2 _ _
nh* o\/ZamE  2m3\/—2mE 2R
2
since E = _m_;zz = mE = % according to the results of question a.

The second line of reasoning is as follows:

hz +00 dZ(p(x)
E, =—— * dx
k 2m J_o ¢ ) dx?

d2
However, (p(zx)

presents a discontinuity at x = 0, and this integral must be
rewritten as:

I AN 2Ch) o dex) to dp(x)
By=-2- l/_oorp(x) o2 dX+/0_ PO~ 5 dX+/ o) — 5 dx

with @*(x) = @(x) since the wave function ¢(x) = 4 /%e_%lxl is real. We can

now apply a similar method to what was used in exercise 2 to determine the value
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d
of the discontinuity of % atx = 0. The eigenvalue equation of H is:

n? dg(x)

Hop(x) = Ep(x) & “om

— ad(x)p(x) = Ep(x)

By multiplying by ¢(x) on either side of the equation, we find:

h2 dch( x)

—5,-90(x) — a6(0)@*(x) = E@*(x)

Integrating this equation between —e and +¢ yields:

2 +e d2 +e
I T e - / 5(0)¢P(0)dx = E / P

72 +e d2 +e
©-— p(x) d(fc(z g — a@*(0) = E/ @*(x)dx

Letting € approach 0 yields:

o Ee dz(p(x) _2ma?
“am | P9 P00 ="2 o / () = -
‘We thus deduce:
2 +00 d2
R e [ et [t

h? [ma(ma>2/0 ma 2m?e®  ma [ ma 2/+°° _2ma ]
= |maima e Ndx — +—(—) ¢ Ndx
m | \w2) ) e \w) .

2 (may? (e [ U, ma| ]
2m\ h? n? | 2ma o n? | 2ma o+

ma? <1 1) ma?
= ——2+ =

2n2 2) 7w T

and we find the same result as previously but using another method, namely that
the average kinetic energy of the particle equals the opposite of the bound state
energy. Note that the contribution of point x = 0 to the average kinetic energy of
the particle amounts to:
(" dew)

ma?
_n doe = M-
2m Jo- o) dx? h?

That is twice the average kinetic energy of the particle computed just above.
To rationalize this finding, let us now consider a square potential well centered
at x = 0, whose width is a and depth is V, such that aV,, = a. We know from §
2-c-a of Complement H; that the expression of the wave function of a stationary
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state whose energy is between —V; and 0 is:

. a
B, e if x<-=

P(x) =  Ayel + Ale e if ~d<xg %
a

Ble™™ if x> =

2m(E+V,
with p = H—zhizE and k = \/%. We find, according to § 2-c-a of

complement H;:

-

) + ik
A, = e(—p+lk)a/2 p B
2 2ik
) —ik
Al = _ef(erlk)a/Zp B
172 2ik
pZ 2
B, = sinka B,
3 2kp

We can determine an additional equation verified by Bl,AZ,A’Z, and B’3 since the
wave function is normalized:

+o0
/ lp())?dx =1

0

-3 R . . .
© / | B, |*€**dx + / (Aje™™ 4 Alrel™)(A, €™ + ALe™™)dx
—oo _%

+o0
+ / |By|?e~*¥dx = 1

2

"3 : - .
& / |B, |*e*dx + / (A, + |AS1? + A, AL 4 A3 A e dx
—oo _g
+00
+ / |B, e dx = 1
:

) e2px _% ) . e e2ikx %
<=>|BI| E +(|A2| +|A2| )a +A2A2 ﬂ .

—2ikx] 3 —2px ]t
_aral | & _ 1B 12| -1
22 [ 2ik ] _% | 3| 2p

a

2 N 2 12 1% PV eika _ gika
< (|Bll + |B3| )_ + (|A2| + |A2| )a + (A2A2 +A2A2)—.
2p 2ik
e~ra N « - Sinka
< (|B)* + |B’3|2)3 + (A, 12 + |ALP)a + (A,AL + A3A)) =

=1

1
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Using the expressions of A,, A’ , and B, and replacing p and k by their expressions,
we find:

A _ e( p+1k)a/2p + lk
21k

2m(E+V)
—e pa/zexp<2\/2m(E+V0 ) \/ V

/2m(E+V) B
iaV, E
2 hZV Y
— pra/2 2m E 1. 1/ _E B
—¢ eXp( h2V, \/ V><2+2 +Vv,) !

=e "2 exp

o
0| =
+
Nl)—l

hj

+

o<

N———
s

Al = _p~(p¥ikpaj2P — 1 p—
2T 21k
2m(E +Vy)
I \/ 2m(E +V,) \/ \/
2 2m(E + V)
2 - @ @
hZ

iaV,
=—e " 2exp| ——2 sz 1+ £ Lt E B,
2\ mv, vo )\ 2T 2\ B+,

_ i« | 2m E 1,1 E
—e 2 exp | -2 1+ — |{-=+=4/- B
Pl 72 h2V, v, 2 2\ E+v,) !

R+ R

B, = sin kaB,

2kp

2mE 2m (E +V )

2m(E + V) ) 5
1

2
/2m E+V0 /— <
—E(E+V0 < VfleV )
V,
——O;Sin a 2_m 1+£ B1
E i E 2V, Vy
2,/14+ —
VO
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Letting a approach 0 and V,, approach infinity yields:
D ; B ;

Ay (pplef2m (L BN Dy e f2m
2 2\ n2v, 2V, 2 2\ n2v,
i f2m (1 E\\_B ]

2\ n2v, 2V, 2

b
N

|

IR
A/~

[

|

|

and we deduce:
ma?

/12 o 2 mw
IBP = ~IB, o

On top of this, according to our previous findings:

|=

2m sinka |

sinka ~ «a = = - = - o
v, ke \WE+VY o, [ E

0
Vo

=a

~

0

The wave function normalization condition therefore becomes:
(IB,I* + |B|*)
2p

B.|? 2 2
A (1 ma> o

+ (A2 + A Pa + (AA + AjA)Da ~ 1

2 T 2nE mE
-1
2 2
o |B P2 (1- 22 _h
2n2E 2mE

The kinetic energy of the particle in the well, according to the previous results, is:

dx

Ek=—% *() 2

& g(p o Fow

n’k? - i i i
== a(Aze_‘ + AL ) (A" + Aje™")dx

NIR wis

2m J_
=(E+Vy) / (A, + [AS P + A, AL ™ + A3 AL e ) dx

sin ka

=(E+Vy |14, * + |A)1P)a + (A,AL +A;A;)T
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Letting a approach 0 and V|, approach infinity, we find:
E, ~(E+Vy)A, + A)A; + A)a =~ B, |*(E + Vy)a ~ a|B, |

-1
2 2
~2af(1- 22 _n
2h’E 2mE
Finally, as a approaches 0 and V|, approaches infinity with a = aV},, the square

potential well approaches a delta function well whose area equals «, and the
energy E, therefore, approaches the energy of the particle in the bound state as

2
studied in question a, namely E = _m_az‘ ‘We can replace E by this value in the

expression for the kinetic energy of the particle in the well which yields:
-1
2 2 217! 2
E ~2a|(1-22 _h Y Py
2h’E 2mE ma n?

The contribution of the point x = 0 to the average kinetic energy of the par-
ticle in a square potential well does indeed correspond to that of the same
particle in a delta function well when the square potential approches a delta
potential.

1.5 Well Consisting of Two Delta Functions

Statement
Consider a particle of mass m whose potential energy is

Vix)=—-ab(x)—ad(x—1) a>0

where [ is a constant length.

2,2

n
a. Calculate the bound states of the particle, setting E = — 5 :1 . Show that the

possible energies are given by the relation:

2
e_ﬂl:i<1__p>
H

where u is defined by u = %. Give a graphic solution of this equation.

(i) Ground state. Show that this state is even (invariant with respect to reflec-
tion about the pointx = é), and that its energy Ej is less than the energy —E;

introduced in problem 3. Interpret this result physically. Represent graphi-
cally the corresponding wave function.

(ii) Excited state. Show that, when [ is greater than a value to be specified, there
exists an odd excited state, of energy E, greater than —E;. Find the corre-
sponding wave function.
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(iii) Explain how the preceding calculations enable us to construct a model
which represents an ionized diatomic molecule (H?, for example) whose
nuclei are separated by a distance I. How do the energies of the two levels
vary with respect to [? What happens at the limit where [ — 0 and at the
limit where I - oo? If the repulsion of the two nuclei is taken into account,
what is the total energy of the system? Show that the curve that gives the
variation with respect to [ of the energies thus obtained enables us to predict
in certain cases the existence of bound states of HJ and to determine the
value of [ at equilibrium. The calculation provides a very elementary model
of the chemical bond.

b. Calculate the reflection and transmission coefficients of the system of two delta
function barriers. Study their variations with respect to I. Do the resonances thus
obtained occur when [ is an integral multiple of the de Broglie wavelength of the
particle? Why?

Comments

This exercise requires the completion of exercise 2, but not that of exercise 4. In clas-
sical mechanics, for E < 0, the particle is either in the well at x = 0 or in the well at
X =l and cannot escape.

It is now possible to use our quantum intuition, which has recently been acquired
through the resolution of the previous exercises. In quantum mechanics, the strict
confinement of the particle is not possible due to the Heisenberg uncertainty prin-
ciple. The particle can and will explore the classically forbidden zones, outside both

wells, over a characteristic distance denoted 1 in exercise 2. If [ is not too large with
p

respect to the distance 1, then the influence of the well at x = [ is felt on the well

at x = 0 (and vice versoz)/.J Thanks to quantum tunneling, the particle can pass from
one well to the other. This passing, hence coupling between wells, allows a stabiliza-
tion of quantum states as studied in this exercise. This situation constitutes a simple
model describing the NH; molecule studied in Complement Gpy,.

Given the symmetry about x = L of the problem (because the potential is symmet-
ric), we expect the ground state to correspond to a symmetric state and the excited
state to an antisymmetric state (as for a particle trapped in an infinite potential well).
More generally, wave functions will alternatively be symmetric and antisymmetric.

The approach to this problem is standard. As in the previous exercises, the stationary
spatial wave functions must be written for the various spatial zones using real expo-
nentials in the classically forbidden zones, before establishing relations between the
amplitudes of these waves and deducing the conditions on the energy of the par-
ticle (i.e. its quantization) in order for this system of constants to yield nontrivial
solutions.
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Solution
Consider a particle of mass m whose potential energy is

V(ix)=—-ab(x)—ad(x—=1) a>0

where [ is a constant length.
h2 p2
a. Calculate the bound states of the particle, setting E = ~ S Show that the

possible energies are given by the relation:

2
e—pl=i<1__p>
u

where y is defined by u = %. Give a graphic solution of this equation.

The resolution of this exercise is similar to that of exercise 2. The eigenvalue
equation of H is the same, except at x = [; however, care must be taken when
considering the continuity conditions of ¢(x) atx = 0 and x = I (note that the first
derivative is discontinuous at these points given the divergence of V(x)). We know
V(x) = 0 far from the delta functions, and the eigenvalue equation of H is

n* d*p(x) d’px)  —2mE
——— T~ _Fp(x)=0& - =0 =0
e P(x) 2 w2 P
o)
< a2 Pro(x) =0
_ h2 2
with p = 2h_r2nE < E= —2—p. Note that E < 0 since we are considering
m
bound states, so p is well defined. The eigenfunctions are thus as follows:
x<0 p(x) =Aer + Ale™

0<x<l @nkx)=Ae*+Ae

x>1 P(x) = Aze + Ale ™

@(x) should be bounded when x — +o0, so A’1 = A, = 0, which yields
x<0 @(x) = Ae”
0<x<l quk)=Ae~+Ale "

x>1 P(x) = Ale™”

The eigenfunction ¢(x) is continuous at x = 0 and x = [, so

1(0) = @1 (0) R A=A, +A) - A=A, + A
oud) = em?) Ayer + Al = Ale”! A=A + Al

. . . do(x . .
Moreover, according to the solution of exercise 2, ﬂ) presents disconti-
nuities at x =0 and x = whose values are —u¢(0) and —u@(l), respectively,

setting u = %. This means that:
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o TR0 ey =4y — ) = —ua,
p(~Ale™ — Ajer + Ale ) = —pAle!

- {/’(Az _A/z —A)) = —uA
p(=A, — A + A) = —uA,

Substituting A, and A’, by their expressions stemming from continuity conditions,
we find:

—2pAL = —p(A, + A))
—2pAe* = — (A + A))

The first of these two equations yields:

2 2
LA =A+ A e A, = <—” —1>A’2
u u

and, substituting A, by this expression in the second equation, we find:

2 2
—2p (—”—1) e = _ [(—”—1) ezﬂ’+1]
H H
2 2 2
c»—p<—p—1)e2”l=(—p—1>e2"l+1
u\ u U
2 2
2 2
@(—p—1> e2”1=1©e‘2”l=(1——p>
H H

ie.

. 2 . S .
The representative curves of + <1 - —p> are represented in solid lines in
u

Figure 1.3, whereas the representative curve of e~* is represented in dashed
line. We notice graphically that the previous equation has one or two solutions
depending on the value of I. We exclude the solution p = 0 since it corresponds
to a particle whose energy is vanishing and is, moreover, at rest.

(i) Ground state. Show that this state is even (invariant with respect to reflection

about the point x = 1), and that its energy Ej is less than the energy —E;
introduced in problem 3. Interpret this result physically. Represent graphi-
cally the corresponding wave function.
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-1 -1
() (b)

Figure 1.3 Illustration of the number of solutions (i.e. the number of points of intersection

between the solid-line and dashed-line curves) to the equation e = + <1 - Q)
U

depending on the value of [ : [ > ;% on(@and0< (< 2 on (b).
M

The ground state is the state of lowest energy, in other words of highest

p= _ianE value, which is the unique solution to equation:

2
e—ﬂl=_<1__p>
U

according to Figure 1.3, in which it is represented by a dot. In this
case, according to the results of question a, we can write:

2
A= (2L _1)a =A™
2 u 2 2

hence
{ A=A, +A’2 =1+ e—ﬂl)A’z
Al = A7 + A = (1+ A,
Setting A, = A, we find:
x<0 @,00) = (1 + e ") Aer™ = Ae?™D 4 Aer~
0<x<l @) =Ae’D + Ae >
x> Pu) = (1 + eHAe P = Ae™D 4 Ag=r

and the constant A could be calculated given that the eigenfunction ¢(x) is
normalized. The points at x and [ — x are symmetric with respect to the point

at 1, hence

Pl —x) = Ae™ + Ae’* D = p,(x) = p(x)  if x<0
ol —x) =14 gyl —x) = Ae™™ + Ae’* D = o (x) = p(x) if 0<x<lI
o;(l—x) = Ae™ + Ae "D = o (x) = p(x) if x>1
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The ground state is therefore even. The energy —E,; introduced in problem
3 obeys the equation:
p__m?_ P ma_p
LT o T T om T 2
This value of p corresponds to the common point of intersection of the two

. . 2 . . .
lines whose equations are + | 1 — i with the horizontal axis. However,
U

we remark graphically in Figure 1.3 that the ground state corresponds to a
value of p such that p > p;. Hence:
n2p?  hPp;

2 2
> < > &> — >
pP>PL<=p PL m m

< Eg < -Ep

and the energy E; of the ground state is indeed less than the energy —E;
introduced in problem 3, which means that the particle is more strongly
bound in a well consisting of two delta functions than in a potential barrier
of just one delta function. The corresponding wave function is represented
in Figure 1.4, and its probability density is represented in Figure 1.5.

(ii) Excited state. Show that, when [ is greater than a value to be specified, there
exists an odd excited state, of energy E, greater than —E;. Find the corre-
sponding wave function.

We previously showed that the possible energies are given by equation:

2
e—ﬂl=i<1__p>
U

The slope in origin of the exponential function p — e~# is —I, whereas

2
the slope of the line whose equation is p|—>+<1——p> is —E.
JZ U

»(x)

0 /
Figure 1.4 Graphic representation of the ground state wave function. It is a symmetric

state. The fact that the probability density is nonzero between the two wells leads to a
coupling between them.

lp(x)12

I
I
I
I
:
1
0 /

Figure 1.5 Graphic representation of the ground state probability density.
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If -1 > _2 Sl< 2 (Figure 1.3b), the previous equation has only one

U U
nonzero solution and there is no excited state. In order for an excited state
to exist, it is necessary for -l < —= < [ > = (Figure 1.3a). This excited state
H H

corresponds to the only nonzero solution to equation:

ePl=1— 2_p

U

according to Figure 1.3, in which it is represented by a dot. In this
case, according to the results of question a:

2
A, = <—” - 1) Al = —Ale!
u
Therefore,

A=A, +A=(1-e"A,
A=Ay + Al = (1 - erhA]

Setting A, = A, we can write:

x<0 @) = (1 — eP)Ae™ = Aer* — Ae?™D
0<x<l @) =Ae? — AeP-D
x>1 (PIH(X) =(1- epl)Ae_"’x = Ae " — Ae—Px—D)

and the constant A could be calculated given that the eigenfunction ¢(x) is
normalized. The points at x and [ — x are symmetric with respect to the point

at 1, hence
2
o —x) = Ae?" D — Ae* = —p(x) = —p(x)  if x<0
o(l—x) =13 gyl —x) = Ae’*D — Ae™™ = —p(x) = —p(x) if 0<x<I
Pl —x) = Ae?0D — Ae ™ = —p 1 (x) = —p(x) if x>1
Therefore, the excited state is indeed odd. The energy —E; introduced in
problem 3 obeys

2 2
ma? h*p; ma

u
—_ = —— = S = —_— = =
LS T T om T T e T2
This value of p corresponds to the common point of intersection of the two
. . 2 . . .
lines whose equations are + <1 — 22 with the horizontal axis. However,

u
we notice graphically in Figure 1.3 that the excited state corresponds to a
value of p such that p < p;. Hence:

n2p?  hp;

2 2
< < < & — <
pPLpL=pP <P m m

< E, > -E;

and the energy E, of the excited state is indeed greater than the energy —E;
introduced in problem 3. The corresponding wave function is represented in
Figure 1.6, and its probability density is represented in Figure 1.7.
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(O

Figure 1.6 Graphic representation of the wave function of the excited state. The excited
state is an antisymmetric state. The probability density vanishes at é The particle cannot
pass between wells.

lp(x)12

l
I
l
|
0 i

Figure 1.7 Graphic representation of the probability density of the excited state. Note that
the probability of finding the particle in the middle between the potential wells while in
the excited state is vanishing (|@((/2)|? = 0).

(iii) Explain how the preceding calculations enable us to construct a model
which represents an ionized diatomic molecule (H;, for example) whose
nuclei are separated by a distance I. How do the energies of the two levels
vary with respect to [? What happens at the limit where [ — 0 and at the
limit where I - oo? If the repulsion of the two nuclei is taken into account,
what is the total energy of the system? Show that the curve that gives the
variation with respect to [ of the energies thus obtained enables us to predict
in certain cases the existence of bound states of H and to determine the
value of [ at equilibrium. The calculation provides a very elementary model
of the chemical bond.

Let us consider an ionized diatomic molecule such as H} whose nuclei are
separated by a distance l. Each hydrogen atom contributes one electron
to the molecule, so the ionized molecule only has one electron. By defining
the Ox axis as the axis of symmetry of the molecule, the potential felt by
the electron far from the nuclei is practically vanishing, but is very intense
and attractive in the vicinity of the two nuclei, that is at x =0 and x = L
The preceding calculations, therefore, enable us to construct a model which
represents such an ionized diatomic molecule, in which the attractive
potential created by the two nuclei is modeled by the two delta functions.
For small values of [, i.e. when the two nuclei are close together, only the
ground state exists. The energy Eg < —E; of this ground state increases
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with [ (since p decreases as [ increases, as shown in Figure 1.3) approaching
—E; for large values of [, i.e. when the nuclei are far apart. The excited state

2 . .
appears when [ > = and its energy E, > —E; decreases when [ increases

U
(since p increases with [) approaching —E; for large values of . When ! — 0,
only the ground state exists and the only possible energy is given by:

2 2
e_”l:—<1——p><:>1:—1+—p<:>p:pt
U U

which corresponds to an energy E; of the ground state:

(P
n’p? n?u? <5>
S 2m 2m 2m (=Ep)

When I - oo, the possible energies are solutions to equation:

2 2
eh=x(1-L)o1-L-0s,=4
M 2 2

which once more shows that the energies of the ground and excited states,
E, and E 4, respectively, both approach —E; as the nuclei move further and
further apart. If we now account for the repulsion of the two nuclei, the total
energy of the system becomes

Ze)? 2
1 (Zey _ E,+ 1 e
4rne, 1 4re, 1

El)=E, +

in the case of H}, where E, represents the electron energy and the second
term represents the repulsion energy between nuclei:

e The electron can be in its ground state, in which case the total energy is

1 e

E,()=E
oD S+47rsol

with Eg an increasing function of I. The repulsion energy between the two
nuclei is a rapidly decreasing function of I, so we can expect variations of
E, and the repulsion energy as represented in Figure 1.8 in dashed and
dotted lines, respectively, in order for the total energy E,,, represented in
solid line, to display a minimum corresponding to an equilibrium: the HJ
molecule is thus stable in its ground state. The corresponding value of [
(I =l,y) represents the length of the chemical bond of HJ at equilibrium.
The fact that the energy (E,;,, ) of the ground state of HJ at equilibrium is
lower than the energy (—E; ) of H + H* taken separately, i.e. the products
of dissociation, leads to the stability of the molecule and the strength of the
chemical bond between the two nuclei. In fact, this difference in energy
corresponds to the energy contained within the chemical bond; that is the
energy required to dissociate the molecule, or the energy released when
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_4EL 4

Figure 1.8 Variations of total energy with respect to [ for an electron in its ground state.
The distance [, at equilibrium represents the length of the chemical bond at rest between
the two hydrogen atoms of the H; molecule. H + H* represents the products of
dissociation, obtained when [ — .

the molecule is formed, and we can thus define the dissociation energy as
follows: Ey;, = —E; — E,

min®
o If] > % the electron can also be in its excited state, in which case the total
U
energy is
1 ¢
E(h)=E,+ ——
10 =E4 4re, 1
E, is a decreasing function of [, as is the repulsion energy, which implies
that the total energy E, is also decreasing with l. Therefore, there is no
state of equilibrium and the molecule is unstable in its excited state.

So there are bound states of H if the internuclear distance is greater than the
value of | for which the representative curves of E, and E, intercept the hori-
zontal axis. To summarize, by defining [, and [; such that E(l,) = E,(l;) = 0:

o there is no bound state if I < I,;

o there is only one bound state (corresponding to the ground state) if [, <
I<;

e there are two bound states (corresponding to the ground and excited
states) if [ > [;.

In the literature, in both experimental and theoretical works, only one bound
state is reported (the ground state) for which the internuclear distance is
determined to be around 1.052 A. All identified excited states are repulsive
and lead to the dissociation of the molecule. H; therefore falls into the sec-
ond category of the model (I, < [ < ).

33
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b. Calculate the reflection and transmission coefficients of the system of two delta
function barriers. Study their variations with respect to I. Do the resonances thus
obtained occur when [ is an integral multiple of the de Broglie wavelength of the
particle? Why?

Let us now assume E > 0. We know that V(x) = 0 away from the two delta func-
tions, and the eigenvalue equation of H is

d*p(x)

dx2

n? de(x) d*p(x)  2mE
— — — E =
e px)=0s +

o =7 +k*p(x) =0

px)=0s

withk =/ Z;n_ZE The eigenfunctions can thus be written:

x<0 Pi(x) = At + Al eIk

0<x<l @) =A " +Ale ™

x>1 P (x) = Azel™ + Al
Assuming that the particle is propagating from left to right we can set A} =0,
hence

x<0 Pi(x) = A, + Al el

0<x<l @) =Ae"+Ale

x>1 P (x) = Azel™

The eigenfunction ¢(x) is continuous at x = 0 and x = [, so
@1(0) = @;(0) - Ay +A/1 =A, +A/2
(.011(1) — (pIH(l) Azeikl +Alze—ikl :ASeikl
A +A =A,+ A
142 +A/ze—2ikl =A3

do(x)

Moreover, according to our findings in exercise 2, isdiscontinuous atx = 0

and x = [, its discontinuity equalling —u@(0) and —ue(l), respectively, with y =

221—20(. This means that:

o dx —up(0)
d(PHI(l) _ d(PH(l) = —uo(l)
Tdx dx He

ik(A, —A'2 A +A) =—uA +A)
ik(A3€ikl —Azeikl +A/Ze—ikl) — —ﬂA3€ikl
ik(A, — AL — A + A)) = —u(A, + A)
lk(A3 —A2 +A/28_2ikl) = —#A?’
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hence the following four equations:

Al —A, - Al =-4,

Ay +e Al —A; =0

(ik + WA + kA, — ikA, = (ik — pA,
—ikA, + ike KA + (ik + p)A; =0

Considering A’ ,AZ,A’Z, and A, as the only unknowns in order to express them as
functions of A,, the corresponding determinant is

1 -1 -1 0

0 1 e—2ikl -1
ik+pu ik —ik 0

0 —ik ike X ik + y

D =

We then simplify this determinant by performing operations on the lines:

1 -1 -1 0
—2ikl

0 1 e*Zikl 1 1 e -1
D= . =2ik+u u 0

0 2ik + 0 4

e —ik ke 2K ik 4+
0 —ik ike 2 ik 4+ p
1 e—Zikl -1
, u — ik + p)e2M 2ik 4+ p
=0 u— Qik+ pe X 2k +pu|= .
) 2ike2ik u
0 2ike~2ikl U

=y [n — ik + e 2| — (2ik + p)2ike™>™
— MZ _ (/’l + Zik)Ze—Zikl

‘We are now able to calculate A’1 and A, as functions of A,, as these are the only
necessary variables for calculating the transmission and reflection coefficients:

-A, -1 -1 0
, l 0 1 e—Zikl -1
D (k- wA, ik —ik 0

0 —ik ike 2 ik + p

-1 -1 -1 0
Al 0 1 e g

D lik—u ik —ik 0
0 —ik ike 2  jk 4+ y
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-1 -1 -1 0

A 1 e
A0 ] e -1 A _
== ) =——|u pu—-2ik 0
D 0 H H— Zlk 0 D . s 2ikl :
0 —ik ike 2" ik+py ~Hk e Tkt p
1 e—Zikl -1
- —2ikl
__ A 0 p—2ik — pe 2k y | = Ay | 2tk pe
D . D 2ike2ik U
0 2ike~ 2kl u
_ Qik = pyp + ik + wype 2k
U2 — (u + 2ik)2e-2ikl 1
1 -1 -1 -A,
1 0 1 e—Zikl 0
Dlik+u ik —ik (ik— pA,
0 —ik ike 2kl 0
1 -1 -1 -1
Al 0 1 e 0
"D |ik+u ik —ik ik—u
0 —ik ike??k 0
0 -1 -1 -1 ) —
Y I T U S il
=1 =2ik— |1 e 0
D \2ik ik —ik ik—pu o
0 —ik ike 2™ 0 ~ik tke 0
Al 1 g2kl A A2 e=2ik
= —2ik— | =4k 2L = _A,
D |-ik ike—z:kl D ”2 _ (/4 + 2ik)2e—21kl
Hence:
e |A] | @ik = o+ @ik + e
A u?—(u+ Zik)ze—Zikl
. 2112
_ | @ik - wpe + ik + p)pe~*
ﬂzeikl _ (H + Zik)ze—ikl
_ | ik — wpu(cos kl + isin ki) + (2ik + p)u(cos kl — isinkl) |*
B u2(cos kl + isin kl) — (u + 2ik)2(cos kI — i sin kl)
2
B 4ikp cos kl — 2ip® sin kl
| (4k? — 4ikp) cos kl + (—4ku + i(2u? — 4k2)) sin ki
ie.

R (4kp cos kl — 22 sin kl)?
" (4k? coskl — 4kp sin k)2 + (—4kpu cos kl + (2u2 — 4k2) sin kl)?




1.5 Well Consisting of Two Delta Functions | 37

and
Ay 12 4l -2kl 2 412 2
A, u?—(u+ 2l'k)ze—21kl H2elkl —(u+ 2ik)2e—lkl
4k? 2
- ’ (4k? — 4iky) cos kl + (—4ku + i(2u? — 4k?)) sin kl
ie.

16k*
T =
(4k2 cos kl — 4kp sin kl)? + (—4ku cos kl + (2u? — 4k2) sin ki)2

The variations of R and T as functions of [ are depicted in Figure 1.9 for k = .

The de Broglie wavelength of the particle can be computed using A = 27” which
is also the period of Rand T. When [ = nk = nz?ﬂ with n € N, we find

16k* 16k* k?

T= = = <1
(4k2)2 + (—4ku)? ~ 16k* + 16k2u2 k2 + 2

so there is no resonance when [ is a multiple of the de Broglie wavelength of the
particle. Resonances occur when T =1 < R = 0, if and only if

4kpcoskl —2u®sinkl =0 < tankl = 2k
u
A resonance will thus be observed if
kl = arctan % +nrel= 1 arctan % + nZ = 1 arctan 2—k + n&
u k u k k u 2

14

0

Figure 1.9 \Variations of R and T as functions of [ for k = u.
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2k _, [2mE n*> _ [2ER2 _ [E

U n? 2ma ma? E;
The resonance can also be understood in terms of constructive and destructive
interferences, owing to wave-particle duality. On a round trip, i.e. for a path

length of 2I, the wave can interfere constructively with itself, which creates this
periodic resonance.

with

The distance between the two barriers must at least reach a minimal value, func-
tion of the particle energy, for a first resonance to occur, and the following res-
onances can be observed with a periodicity equal to the half-wavelength of the
particle, as in the case of a classical potential barrier studied in § 2-b-a of Com-
plement H;. This difference in behavior “at the origin” is due to the fact that the
barriers here are of infinite height and is thus due to the discontinuity of the
derivative of the wave function in the vicinity of the barriers.

1.6 Bound State in a Square Potential

Statement
Consider a square well potential of width a and depth V, (in this exercise, we
will use systematically the notation of § 2-c-a of Complement H;). We intend to
study the properties of the bound state of a particle in this well when its width a
approaches zero.
a. Show that there indeed exists only one bound state and calculate its energy E (we
2,2
find E ~ ——2— that is an energy which varies with the square of the area aV,

2 bl
of the well).

B
b. Show that p — 0 and that A, = A} ~ ?1 Deduce from this that, in the bound
state, the probability of finding the particle outside the well approaches 1.

c. How can the preceding considerations be applied to a particle placed, as in
exercise 2, in the potential V(x) = —ad(x)?

Comments
Thisisavery standard exercise. The energy E is assumed to be such that -V, < E < 0
to produce a bound state.

The problem should be clearly laid out, with an emphasis on distinguishing the
three spatial zones and adapting the form of the spatial wave function to each
zone through the introduction of various constants. The boundary or continuity
conditions guarantee that in the case of a finite discontinuity of the potential, as is
the case here, the spatial wave function and its first derivative remain continuous
at the discontinuity, which constrains the various constants. However, in order to
compute a nontrivial wave function, these continuity conditions impose constraints
on the energy.
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Once again, we encounter a fundamental idea in quantum mechanics, namely that
accounting for boundary conditions imposes the quantization of the particle energy.
The precise study of this quantization (of the eigenmodes) is undertaken here graph-
ically.

In addition to the constraints set by the boundary conditions, the final constraint is
fixed by the normalization condition of the total wave function.

Solution
Consider a square well potential of width a and depth V (in this exercise, we shall
use systematically the notation of § 2-c-a of Complement H;, which is recalled in
Figure 1.10). We intend to study the properties of the bound state of a particle in this
well when its width a approaches zero.
a. Show that there indeed exists only one bound state and calculate its energy E (we
2,2
find E ~ ———2— that is an energy which varies with the square of the area aVy,

TR
of the well).

The potential in this well is given by:

0 ifx<-2
2
. a a
=L -V, if—-—<x<=
V(x) 0 5 5
0 ifx> 2
2

and we are looking for bound states, whose energies verify =V, < E < 0. The
eigenvalue equation of H can be written:

n? d*p(x) d’p(x) —2mE
“om a2 —Epx)=0« a2 Txp(x):O
dp(x
= % - pPp(x) =0
V(%)
a a
_e L2
2 2
X
0

© O, O,

_VO

Figure 1.10 Notation of § 2-c-a of Complement H,.
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with p = _2’;an in zones I (x < —%) and III (x > %) and
n2 d’p(x) o) | 2m(E + V)
o a ~E+ Ve =06 — o=+ (0 =0
dop(x
dfc(z ) L Ko =0

. 2ZmE+Vy) . a a . .
with k = 7 in zone II <—5 <x< 5) The expressions of the eigen-

functions in the three zones are as follows:
( @)(x) = Bje”™ + Bje™™
3 o) = Ayel + Al etk

@ (x) = Be™ + Bie™™

@(x) should be bounded when x — +c0, s0 B| = B; = 0, yielding
@;(x) = Bje”*
3 o) = Ayel + Al emikx

Q(x) = Bye™™

Firstly, ¢(x) is continuous at x = —% and x = +%, so:

ay _ a -2 ke ik
Pr\75)=%u\"3 Bie™: = Aje™ + Ale™:
@ ., a 21, @ a

Pn <+%) = Pm <+g> Ages -'-A’Ze_lkE =B

Secondly, det0
depth (), so:
doy a\ _ doy a a ks ks
dx <_§) T odx <_§) pBie”"z = ikA,e™: — ikAe™
< a ga a
doy (+g> _ doyy <+2) ikA,e™: — ikALe ™2 = —pBle™">
dx 2 2

. . a a . . .
is continuous at x = -3 and x = +— since the well is of finite

%Ble_”i = Ay e ™5 — AL
1

Aets AL = —%Bge—ﬂg
We thus find:
A= % <1 * §c) e(ik_p)%Bl = %Ce(ik“’)%Bl
- % (1 - l%) S gl = isz‘k/’ et g
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and
1 P\ —Gik+p)? k—p _gk+p)e
A= (1= L) etnip, = ek p
272 ik LT 2ik !
1 ( PN\ (k=p)fpy _ PTIK G_pay,
== 1+—>e "B, = ——¢e" 3B
2 ik 35 2ik 3
Subsequently:
B = p+ikeikaB — ik—pe—ikaB
3 dik—p YT op+ik !
thus

. . . 2
.P + ik eika — ik —.P e—ika P P lk — e2ika
ik—p p+ik p+ik

This equation corresponds to equation (42) of Complement H;, whose

solutions are represented graphically in Figure 1.5 of Complement H; and

recalled in Figure 1.11. Additionally here, a — 0 so LA +00, which implies
a

2mV,

0 = 2 < Z. there indeed exists only one bound state of the particle,
a

which is even, such that

2 tan (%)

according to equation (44) of Complement H;. We find:

2 242
ka 1 1 k*a
1+ 2 = 14tan? () = ~ ~ 1+ —=
k2 2 ka\ a—0 K2a? 2 g—0 4
cos? [ — 1-—
2 8
y
________________________ E_
~ ~ ~ ~ ~
\ . . . |
\\ \\ \\ \\O \\\ :
|
\\ \‘ \ E \‘ \‘I
\ \ \ 1
) ‘O \ v I\
\ \ \ "
\ \ \ \ I
vE \ \ \ I
\ \ \ )
\ \ \ \ Y
\ \ \ L K
0 K 2n 3r A ko 57
a a a a a

. 2
. . . — ik o .
Figure 1.11 Graphic solution of equation (%:k) = e?*_giving the energies of the
p

bound states of a particle in a square well potential. In the case shown in the figure, there

are five bound states, three even (associated with the points £ of the figure), and two odd
(points 0).
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hence
—-2mE
p? a? 72 a? E ma?
B0 d S I ELVY a0 4 T ETVR o 22
4 4m*(E + V,) 4 (E+Vy) 2h
4

2
Setting a = —ﬂ, we find
2h2

aE* + (2aVy,— DE+aVi =0
We know that 2aV,, <« 1sincea — 0 = a — 0. The previous equation can be sim-
plified:

aE*—E+aV; =0
We identify a quadratic equation with E as the unknown and whose discriminant
is given by:

A=1-4a’V}>0

since @ — 0. The possible energies are therefore

1i\/1-4(t2V§ 1i<1—2a2Vg>

E = ~
2a 2a

As we are searching for bound states such that E < 0, there is only one bound
state whose energy is
mV?2a?
ExaVl=-——2—
*"o 212
B, . .
b. Show that p — 0 and that A, = A; ~ 5 Deduce from this that, in the bound
state, the probability of finding the particle outside the well approaches 1.

VZa?

0
2h?

_ [—2mE _mV,a
p= h2 R

and p —» 0 when a — 0. This means that:

ASE ~ —

according to the results of question a, we find

ik—p

_rTt ike(ik—p)%
2ik

2 a B
—(ik+p) 2 1
e 2B, ~ —
2 2ik ! 2

B, /
B, ~ 5 and 4; =
and the probability for the particle to be in the well is

: : B2 i
[ toworac= [Ciggeoracs BE [ oy eisa
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o Pde~ B [ costhorde= BiE [ o
) @(x)| ~ |B,| _ cos == u(1+cosz )

B 2 . % B 2 .
N |B; | [x+ smzkx] _ |B | <a+ smka> Noa|B1|2
a a—

2 2k 2 k

which approaches 0 when a — 0. In the bound state, the probability to find the
particle outside the well approaches 1.

c. How can the preceding considerations be applied to a particle placed, as in
exercise 2, in the potential V(x) = —a6(x)?

In exercise 2, the delta function potential (whose area is «) is equivalent to a
square well of width a and depth V|, (and thus whose area is a« = aV;)) when
a — 0. We therefore simply substitute aV;, by a in the previous results. According
to the results of question a, there is thus only one bound state whose energy is

2
E~ —% (which is precisely the expression found in exercise 2) and, according

to the results of question b, the probability to find the particle outside the delta
function well is 1, which makes sense.

1.7 The Piecewise Constant Lennard-Jones Potential

Statement
Consider a particle placed in the potential:

Vix)=0 if x>a
Vix)=-V, if 0<x<a,

with V(x) infinite for negative x. Let ¢(x) be a wave function associated with a
stationary state of the particle. Show that ¢(x) can be extended to give an odd
wave function which corresponds to a stationary state for a square well of width 2a
and depth V|, (¢f. Complement Hj, § 2-c-a). Discuss, with respect to a and V,, the
number of bound states of the particle. Is there always at least one such state, as for
the symmetric square well?

Comments

This is a standard exercise on a wave function associated with a bound state, such
that -V, < E <0, in a potential that is highly repulsive over short distances, but
attractive over long distances (as a first approximation, this potential can be likened
to a Lennard-Jones potential).

In classical mechanics, the particle is trapped in the well. It cannot escape, the proba-
bility of finding the particle outside the well is zero according to a classical approach.

In quantum mechanics, the particle can exit the well and explore the classically “for-
bidden” zones. Exploration in the zone where the potential is infinite is impossible
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(the exploration distance approaches zero when the potential is infinite), but in the
zone where the potential is vanishing, the particle can have a nonzero probability of
presence, which limits, as we know, the number of accessible states.

For an infinite discontinuity of potential, only the spatial wave function is contin-
uous (not its derivative). For a finite discontinuity of potential, the wave function
along with its first derivative is continuous at the discontinuity of potential. All
of these conditions constrain the various constants that appear in the wave func-
tion. However, for the wave function to be nontrivial, the continuity conditions also
impose a constraint on the energy, which is therefore shown to be quantized as in
the previous exercise.

Solution
Consider a particle placed in the potential:

Vix)=0 if x>a
Vx)=-V, if 0<x<a,
with V(x) infinite for negative x. Let ¢(x) be a wave function associated with a sta-
tionary state of the particle. Show that ¢(x) can be extended to give an odd wave
function which corresponds to a stationary state for a square well of width 2a and
depth V; (¢f. Complement Hj, § 2-c-). Discuss, with respect to a and V;, the num-
ber of bound states of the particle. Is there always at least one such state, as for the
symmetric square well?
The potential is given by:
+oo ifx<0
Vix)=49 -V, if0<x<a
0 ifx>a
and represented in Figure 1.12.

The particle cannot exist in zone I (x < 0), and the eigenvalue equation of H is

2N % +kpx) =0
with k = ﬁ@inzonell(0<x< a) and
Fo _ Prp(x) =0

dx2

with p =4/ %TE in zone III (x > a) for a bound state whose energy is E such that

—V, < E < 0. The expressions of the eigenfunctions for a bound state in the three
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_V0

Figure 1.12 Graphic representation of the potential considered.

zones are:
@) =0

3 o) = Ayel 4+ Al ek

@ (x) = By + Bie™”*

@(x) should be bounded when x — +o0 so B; = 0, hence
P(x) =0

3 o) = Ayel 4+ Al emik

@(x) = Bie™™

Firstly, ¢(x) is continuous at x = 0 and x = a, so:

@,(0) = ¢y;(0) - A+ A, =0
(@) = ¢ (a) Ayt + Al = Blemr

dox) . . . .. . .
Secondly, (g)(c ) is continuous at x = a since the variation of V(x) at x = a is finite, so
do(a d a . .
(pé;( ) = (pg)lc( ) & ikA, e — ikA’Ze‘lk“ = —pBje™

& Ayt — Aok = —,ﬁBge”"’
ik
This means that, setting A, = A and B’3 =B:

@x)=0
() = Ae — Ae~ikx
P(x) = Be ™
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@ (x) is odd, so it can easily be extended for —a < x < 0, by setting ¢;(x) = —Be”*
such that ¢(x) is odd. We find:

@1(x) = —Be” if x<—-a

Pp(x) = Ae™ — Ae"™ if —a<x<a

@(x) = Be™™* ifx>a

and this odd wave function does indeed correspond to a stationary state for a square
well of width 2a and depth V|, as seen in Complement H;. Hence:

. ik — .
A2 — l <1 _ ﬁ) e—(p+lk)aBg — i pe—(p+lk)aB/3

2 ik 2ik
1 14 ik— , p+ik ik ,
A/ = = <1 + _) e(l /’)aB — e(l /J)aB
2 2 ik 3 2ik 3

according to the results of question a in exercise 6, substituting a by 2a. Finally,
we find
) ) —ik )
Ay + AL =0 (k= p)e ™ + (p+ ke =0 & L2 = ik
p+ik
and so

p— ik = (p + ik)e** o (1 — ¥ p = ik(1 + e¥F*)
p 14 ezika .e—ika + eika 1

kK~ 1_etka  g-ika _gika  tanka

2mYV,

Letk, = - % = \/k? + p2, thus

1 1 p? . k2 k2

= = & sin‘ka = ==

1 + tan’ka 1+k_2 k2 + p? k2+p? k2
P2

cos’ka =

= ¢k js equivalent to the following system of two equations:

. — ik
and equation L
p+

[sinka| = L3
kO
tanka < 0

The possible energy levels are thus determined by the intersection of a line with
slope kl (represented by a solid straight line in Figure 1.13) with sinusoidal arcs

0
(represented by a dashed line in Figure 1.13):

. T 2mV, T w2h? .
o if k, < 23" = < g SV, <V, = S’ there is no bound state of the
a
particle, conversely to the case of the symmetric square well;

252 252
o if =< ky < LN h <V m there is only one bound state of the
2a 2a  8ma? a?

particle;
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Figure 1.13 Graphic determination of bound states of the particle. In this example, only
two bound states (located with dots) are possible given the value of V, which is directly
linked to the value of .

e to generalize, if
2n — 1)?7%h? 2n + 1)*7%h?
2n )y < < 2n+1)n

T T
2n—-1)— <k, <2n+1)— &
( )2a 0 <( )2a 8ma2 0 8ma?

there are n € N* bound states of the particle;

which makes sense since the wave function is odd, implying that the bound states
are also necessarily odd.

1.8 Two-Dimensional Potential

Statement
Consider, in a two-dimensional problem, the oblique reflection of a particle from a
potential step defined by:

Vi,y)=0 ifx<0

Ve,y) =V, ifx>0
Study the motion of the center of the wave packet. In the case of total reflection, inter-
pret physically the differences between the trajectory of this center and the classical

trajectory (lateral shift upon reflection). Show that, when V;; - +o0, the quantum
trajectory becomes asymptotic to the classical trajectory.

Comments

This exercise deals with the total reflection on an interface, i.e. a change of medium,
which is characterized here by a change in potential energy. As the statement
mentions total reflection, the energy of the particle E is lower than V;, in the zone
where x > 0, in other words in the zone that is forbidden by classical mechanics.

The statement explicitly asks for a comparison with the reflection of a beam of par-
ticles on an interface.
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Figure 1.14 Incident wave on an interface.

Bearing in mind the wave-particle duality of the system, we must also recall the
experiment of a wave totally reflecting on an interface. Indeed, even if the wave is
totally reflected, there is still an “evanescent” wave on the other side of the interface.

In quantum mechanics, intuitively, the particle explores the classically “forbidden”
zone: the wave function in the forbidden zone should take the form of an “evanes-
cent” wave.

The problem, albeit two-dimensional, aims to describe particles moving along
a straight path, and is therefore associated to a plane wave (or a wave packet of
plane waves) whose wave vector is denoted k = ke, + k e,. This decomposition
encourages us to separate the spatial wave function ¢(x,y) of the problem as
@(x,y) = @;(x)@, (). The problem is depicted in Figure 1.14.

Solution
Consider, in a two-dimensional problem, the oblique reflection of a particle from a
potential step defined by:

Vie,y)=0 ifx<0

Ve,y) =V, ifx>0
Study the motion of the center of the wave packet. In the case of total reflection,
interpret physically the differences between the trajectory of this center and
the classical trajectory (lateral shift upon reflection). Show that, when V, — +oo0,
the quantum trajectory becomes asymptotic to the classical trajectory.

In this case, the potential only depends on x, but it is useful, as will become clear
below, to separate the spatial variables x and y to decompose it as follows:

V(x,y) = Vi(x) + V,(»)
with
0 ifx<o0

Vix) = and Vy e R, V. =0
1 V, ifx>0 Y 20



1.8 Two-Dimensional Potential
Let us now look for solutions assuming the form ¢(x,y) = @,(x)@,(). These func-
tions satisfy the eigenvalue equation:

n Pekx.y) e,
_h 0e(xy __M+V(x,y)(p(x,y)=E(P(st)

2m  ox? 2m  0y?
n? dz(ﬂl(x) d2¢2(V)
- ( el 2 ®1(%) a2

+ (V1) + Vo009, 0)0, (V) = E@ ()9, ()

We then divide both sides of the equation by ¢, (x)¢,(y) yielding:

w1 de 2 1 de,W
2m @y(x) dx? 2m @,(y)  dy?

+Vi0)+V,»)=E
and the x and y variables can be separated to produce two eigenvalue equations:
1 o
2m  dx?
_r2 &0
2m  dy?

+ V0@, (x) = E ¢, ()

+V,0)0,) = E,0,(y)

with E = E, + E,. We assume, in this case, that total reflection occurs, meaning that
the particle energy E, satisfies 0 < E; < V,,. The eigenfunctions ¢, (x) are solutions
to the eigenvalue equation:

n2 d*@, (%) d?p,(x) 2mE
“om d}; -Ep,x)=0% d)iz +— Lo, () =0
d*p, (x)
d;iz +Ke,(x)=0
. 2mE, |
with k; = 57 inzone I(x <0)and
n? e (x) o) 2mV, - E))
_ﬂ—d;z +(Vy —EDpy(x) = 0 < d;z - 22 L) =0
4’ (x)
T =0
. 2Wl(V() - El) . . .
with p, = — e in zone II (x > 0). The summarized expression of the

eigenfunctions ¢, (x) in both zones is:
(pl,l(x) — Aeiklx + A/e—iklx
@111(X) = Be* + B'e™*
and B = 0 for ¢, (x) to remain bounded when x — +oo, thus

¢1’I(x) =Aeik1x +A/e—ik1x
@ 1(x) = B'e"*
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Moreover, the functions ¢, (x) are continuous atx = 0, the same for their derivatives,
SO:

(Pl,l(o) = (PLH(O) A+ A =B
d(Pl 1(0) d(Pl H(O) d .
. = . ikj(A-A")=—p,B
i I 1 p1

This means that

i ! / ; : ’ ’ ikl + 0y
lkl(A —A ) = _pl(A +A ) < (p1 + lkl)A = (_pl + lkl)A S A = HA
1 1
and
2ik
B=A+4A =2
iky = py

Since V,(y) = 0, when E, > 0, the eigenfunctions ¢, () satisfy equation

n2 o, () d’p,(x) 2mE,
_E E - Ezqoz(x) =0& E) + TQZ(X) =0
d*py(0)
d;Z + k2,00 =0
. mE, .
with k, = = and therefore can be written:

P,() = Ce™ 4 Ce7

Assuming the incident particle originates from zone y < 0, we find C’ = 0 and we
can choose C = 1 such that

@,(y) = el

The eigenfunctions ¢(x,y) therefore satisfy equation:

{ P1(x.) = Akt 4 Arpit-kxtky)

@u(x.y) = Be iy

Let us interpret this result in terms of waves.

In zone I, there is an incident and a reflected wave. The pre-exponential constants
(complex amplitudes) of each wave are A and A’, respectively, and the propagation
of the reflected wave along the Oy axis is identical to that of the incident wave, but its
propagation along the Ox axis is inversed because of the reflection on the interface
according to Snell’s law.

In zone II, there is a so-called “evanescent” wave, whose pre-exponential constant
is B', that propagates along the Oy axis, as the waves in zone I, but it is exponentially
damped along the Ox axis. This means that the wave remains localized around the

interface and only enters “forbidden” zone II over a distance of the order of l Afew
p1
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lines previously, we showed that
A ik +py _ k,—ip;

Z_ikl—p1 Tk +ip

The moduli of coefficients A and A’ are thus equal, and we can write

A ik o P1
—=e Vwith tan0(k;) = — =
A (k) k, k,
. 2mV, Al .
setting K, = YRl Let us note here that Tl = 1 so there is indeed total

reflection. In other words, the probability for the particle to be reflected is 1 or
100%. This means that the difference between quantum (and so the influence of the
“evanescent” wave) and classical results is slight. However, the exercise statement
aims to go further in the analysis by studying the “trajectory” of the wave packet.

The expression of the wave packet, at t = 0 and for negative x, is:

k=K, ky=+c0
w(x,,0) = / / dk,dk, g(k,, k,) [+ 4 =200 ikt
=0 Ji,=

since 0 < E; < V,,. Let us assume that |g(k,, k,)| presents a large peak of width Ak,
around the value k; = k;; < K|, along x and of width Ak, around the value k, = k,
along y. The expression of the wave function y(x,y, t) at any time ¢ is

1 k=K, ky=+00 )
Wy, == / / dkydk, gk, ky)elorHior—elalo]
27 Ji, k=0

1 k=K, ky=+00 )
+2_ / dkl dkz g(k1 , kz)e—l[klx—k2y+w(k1,kz)t+20(kl)]
” k

with w(k,, k,) = % (ki + k3). The first term represents the incident wave packet, the
second represents the reflected wave packet. Assuming the function g(k,, k,) is real,
the stationary phase condition allows us to compute the position (x;,y;) of the center
of the incident wave packet using equation (11) of Complement F;:

X; = t[m] — hkmtandy. — t[aa)(kl’kz) _ kozt
ok, ky=kyy K=y, m
Likewise, the position (x,,y,) of the center of the reflected wave packet can be deter-
mined as follows:
[aw(kl,kz)] [ae(k )] B hk‘”t 2[d9(k1)]
kl —km dkl kl_kﬂl

X, =—

m

ok,

[aw(kl, kz)] [ae(k )] hk,,
.= | —— = t
ky=ky ky=ko, m

However, by differentiating

VK -k
k

1

tanO(k;) =
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we find
2_ 2 VK — ki dk
(1 + tan?0(k,)do = |1 + Okz Ll do= —Tdk1 -t
1 1 K- it
2 K2
& —2do = -—————dk
! ki Ks -k
which finally yields
nk hk
. ,) = —ﬁH 2T

m
N

Let us firstly consider what happens for negative t. The center (x;, y;) of the incident
wave packet propagates in the direction of increasing x and y at constant speeds

k
ol along x and — along y. Secondly, we can note that, for ¢ < 0, x, is posi-

ti\% and is thus located outside zone x < 0 where the expression y(x,y, t) is valid;
this means that, for all negative x values, the various waves of the reflected wave
packet interfere destructively: for negative ¢, there is no reflected wave packet, only
an incident wave packet.

The center of the incident wave packet reaches the potential step at time ¢ = 0.
During a certain amount of time around ¢ = 0, the wave packet is localized in the
zone x ~ 0, where the barrier is located, and its form is relatively complicated.
However, for sufficiently large ¢ values, we observe that it is now the incident wave
packet that has disappeared, only the reflected wave packet remains. Indeed, now
X; is positive, and x, has become negative: the waves of the incident wave packet
interfere destructively for all negative x values, whereas those of the reflected wave
packet interfere constructively at x = x, < 0. The reflected wave packet propagates

in the direction of decreasing x at speed ——= which is opposite the speed of the
m
incident wave packet before reaching the barrier, and in the direction of increasing

hk
y at speed —2 that is the same as the speed of the incident wave packet before
reaching the barrier; its form is unchanged (except for one symmetry). Moreover,
the expression of x, indicates that the reflection has introduced a delay = such that

2m
hkoy /K2 — K2

Unlike what is predicted by classical mechanics, the particle is not instantaneously
reflected. We can rationalize this delay given that, for close-to-zero ¢, the probability
of finding the particle in the classically “forbidden” zone x > 0is nonzero: we can say
that it is as if the particle “wastes” time of the order of z in this zone before turning
around. Note also that the particle returns to zone x < 0 at t = 7: it “leaves” the step

T =
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Figure 1.15 Trajectory of the center of the incident wave packet, and quantum and
classical trajectories of the center of the reflected wave packet. Note that the trajectories
are represented by dashed lines in the vicinity of the interface since the actual notion of
trajectory no longer has much meaning. This is due to the complex form of the wave
packet, which results from the interactions between incident, reflected, and transmitted
waves in this region.

hk,
aty = —2

7 after having “entered” it at y = 0, which leads to a lateral offset.  rep-
resents tr}rlle characteristic time during which the incident, reflected, and transmitted
wave packets interact and coexist in the vicinity of the interface. The waves of the
transmitted wave packet only interfere constructivel% l;iuring the time 7, while the

02

transmitted wave packet moves by a distance v,7 = 7 (v, is the group velocity

dw(k,, k2)] )
akz ky=ko,

When V,, —» +0, E; <V, © k; < K, and the delay 7 therefore approaches 0: the
reflection happens instantaneously and without any lateral offset. The quantum tra-
jectory, therefore, becomes asymptotic to the classical trajectory when V;; — +oo.
The trajectory of the center of the incident wave packet and the quantum and classi-
cal trajectories of the center of the reflected wave packet are depicted in Figure 1.15.

here, i.e. the speed of the envelope of the wave packet [
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